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Abstract

The ground-state phase diagrams and order parameters of low-dimensional quantum
models are analyzed. Those models in their spin representation are the dimerized
spin-1/2 XY and XYZ chains, and the two-leg ladders with anisotropy and three dif-
ferent dimerization patterns, in the presence of uniform and staggered transverse fields.
The analysis is done by using the effective quadratic fermionic Hamiltonian of models,
resulting from the Hatree-Fock mean-field approximation. In the fermionic representa-
tion, those models are equivalent to the generic Kitaev -Majorana chains/ladders with
the proper parametrizations.

An exact solvable model, the XY chain has a rich phase diagram, and its distinct
phases are identified by the local and nonlocal (string) order parameters. We have
calculated all the local order parameters (spontaneous magnetization) and the nonlo-
cal order parameters within the same systematic framework, along with the winding
numbers for all regimes of the phase diagram. By combining the exact and the mean-
field methods, the local and string order parameters on the phase diagram of the XYZ
chain, are identified and calculated. We found similar qualitative pictures on the phase
diagrams of XY and XYZ chains, where the corresponding parameters of the latter
model are renormalized by the interaction A = .J,/J. For both models, the topological
nontrivial phase is shown to have a peculiar oscillating order with the period of a four
lattice spacing, not reported before and awaiting for its experimental confirmation.
The detailed analysis of patterns of the string order is given. Moreover, the trivial
phases of both the cases are investigated by local order parameters (components of
spontaneous magnetization).

The special XXZ limit of the model with additional U(1) symmetry is in agree-
ment with the Lieb-Schiltz-Mattis theorem and its extensions, plateaus of magnetiza-
tion, and some additional conserving quantities. We have shown that within the XYZ
chain, where the plateaus are smeared, the robust oscillating string order parameter
is continuously connected to its XXZ limit. Also, the nontrivial winding number and
zero-energy localized Majorana edge states, as additional attributes of the topological
order, are robust in that phase, even off the line of U(1) symmetry.

The phase diagram of the isotropic two-leg ladder is investigated by calculating
the field-induced magnetization at each point along the external field. In the phase
diagram, the two kind of phases, gapped plateau and gapless Lutinger liquid, (LL) are
identified. In the applied uniform field, those models are in agreement with the quan-
tization conditions of the magnetization plateaus. The existence of the mid-plateau in
the staggered ladder with columnar field, we report for the first time is an indication of
a new spin gapped phase in this type of spin structure. For the staggered and columnar
ladder, the alternating field only modifies the phase boundaries of the phase diagram.
The ladder with the rung dimerization and columnar field exhibits additional quantum
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phase transition by closing and re-opening the zero-plateau and mid-plateau gapped
phases with respect to the alternating field.

The Hatree-Fock mean-field Hamiltonian of the ladders with an anisotropy and two
dimerization patterns, map onto the sum of two quadratic Majorana Hamiltonians,
which are dual to a sum of two (even/odd) XY quantum chains in the alternating
transverse fields. The mapping between the effective Hamiltonian of the ladder and the
pair of the dual XY chains considerably simplifies calculations of the order parameters,
and analyses of the hidden symmetry breaking. The ground state phase diagram of the
staggered ladder contains nine phases: four of them are conventional antiferromagnets,
while the other five possess the non-local brane orders. Using the dualities and the
newly found exact results for the local and string order parameters of the transverse
XY chains, we were able to find analytically all the magnetizations and the brane order
parameters for the staggered case, as well as the functions of the renormalized couplings
of the effective Hamiltonian. The columnar ladder has three ground-state phases, and
it does not possess a magnetic long-range order. The brane order parameters for these
phases are numerically calculated from the Toeplitz determinants. We expect this
study to motivate the search for the real spin-Peierls anisotropic ladder compounds,
which can undergo the predicted quantum phase transitions with a gap closure and
distinct brane orders.
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Chapter 1

Introduction

1.1 Overview

According to the Landau theory of phase transitions, phases can be distinguished by
the different types of the long-range order, or its absence. The ordering is described
by an appropriately chosen local order parameter. In the Landau theory phases are
distinct due to their different symmetries, and the continuous phase transition is always

related to a spontaneous breaking of system’s symmetry [1].

There are quite large numbers of examples of low-dimensional fermionic or spin
systems where the states of the matter and their changes can not be classified in terms
of apparent symmetry breaking and /or local order parameter, most notably a particular
class of gapped systems known as the quantum spin liquids [2-4]. Low-dimensional
systems provide a lot of possibilities for realization of various exotic quantum liquid
states, where the long-range order is prevented even at a zero temperature. In the low-
dimensional quantum magnets, fermions, and topological insulators/superconductors

the existence of gapped phases and their transitions between them are not necessarily



accompanied by breaking of some symmetry associated with local observables. See

2,4-27], and more references therein.

To characterize the phases with hidden nonlocal or topological orders, the concept
of the string order parameters (SOPs) introduced by den Nijs and Rommelse is par-
ticularly instrumental [28]. The appearance of such nonlocal SOP is accompanied by
hidden Zsy Q) Zs symmetry breaking [4,24,29-32]. In the last decade, SOPs were suc-
cessfully reported to characterize quantum phases with hidden orders in various spin
chains and ladders at zero temperature [6,13,16,19,23,30,33,34] . In recent related
works, it has been analytically and numerically analyzed how the Landau formalism
can be extended to deal with nonconventional quantum orders [35-38], called topo-
logical orders. Technically the key quantities to demonstrate topological phases are

nonlocal string operators, string correlation functions and string order parameters [28].

To characterize these states, a concept of topological order was introduced [2] and
its definition is a really subtle issue [39]. This order is often associated with the non-
trivial topological indices as Pontraygin (Winding), Chern numbers [4,24,29] and/or
Berry phases [4], which are not reducible to the parameters of the conventional Landau
theory. These quantities provide rather complementary description and do not seem
to be indispensable [35-38]. Hatsugai and co-workers [40,41] proposed the quantized
Barry phases as a quantum order parameter to probe non-local orders. This scheme
was successfully applied e.g., for several quantum spin liquid systems. It turns out that
the change of the quantized Barry phase can also diagnose the crossovers between the

states which are not separated by gap closing, local symmetry or order changes [42—45].

The important property of SOP is that it can be used for both the quantum and
thermal phase transitions. For instance, the SOP can be used for analysis of the thermal

transitions into a Berezinskii-Kosterlitz-Thouless-type phase with an algebraic order



[28]. Very importantly, SOP is a proper order parameter in the sense of Landau: for the
integrable models, one can calculate exactly the critical indices § and 7 from the SOP
and the string-string correlation function, resp., near the critical point [33] and check
explicitly that such g, n along with other critical indices satisfy the standard hyper-
scaling relations [34-38]. Since the SOP is limiting value of the nonlocal correlation
function, its analytical calculation is a difficult task even for exactly solvable models.
For example, for the dimerized Heisenberg spin—% chain, the calculation is quite simple
in the leading Sing-Gordon approximation for the Hamiltonian [33], while taking into
account the marginal terms renders the problem that is much more difficult [46], and
more work is still needed. The other subtlety is that only for a spin chain and a two-leg

ladder, the definition of the SOPs is straightforward.

There is an extensive recent literature on hidden orders in massive phases of the
Heisenberg chains and ladders. In particular, the critical properties of the dimer-
ized two and three-leg ladders have been studied in numerical and analytical works
(19,34, 35,47-56]. Quantum critical lines or even gapless regions in the parameter
space adjacent to various massive phases of spin ladders may also be also induced by

frustrations, magnetic fields, or four-spin interactions [6,7].

There has been an opinion expressed in the literature that various low-dimensional
fermionic or spin systems with hiddenly ordered phases and transitions between them,
defy completely the Landau paradigm. It appears to us that such a claim is too rad-
ical, and one can formulate the theory of such transitions consistent with the Landau
framework using the nonlocal SOPs [57]. However, the Landau picture needs to be
amended since some facets of the topological order quantified by topological indices,
Berry phases, are not reducible even to nonlocal SOPs. The major problem is that the

current treatment of such systems in most cases is heavily numerical, and the quali-



tative physical picture is obscured. It is really warranted to put more weight first on
advancing relatively simple analytical approaches based on the effective (mean-field)
models, similar, e.g., to the Kitaev model [22,23], or the single-particle tight-binding
models used for the analyses of the topological insulators and superconductors [24]. Re-
sults based on those models clearly indicate that interactions are not an indispensable

element of the topological order framework.

In this research, we carry out such program from analyses of the dimerized XY
and XY Z chains and the two-leg Heisenberg ladders with uniform and modulated axial
magnetic fields. In the ladder, three dimerization patterns such as staggered, columnar
and rung dimerization are considered. The first exact solvable model is equivalent to
non-interacting Jordan-Wigner fermions. The interacting fermionic terms of chains
and ladders are decoupled via the Hatree-Fock mean-field approximation, and the spin
models are reduced to effective quadratic fermionic Hamiltonians. An important task
addressed in this work is to formalize the technical protocol: In the proposed unifying
formalism, the role of the Gingburg-Landau effective action is played by the effective
quadratic fermionic Hamiltonian, and it is enhanced to map the generating function
in terms of Majorana fermions [37,38] as a part of the matrix element of the Toeplitz
matrix. In the earlier related work, it has been shown that such approximation is quite

adequate even quantitatively [34-38,53,58].

All the local and nonlocal order parameters calculated from the string correlation
function of Majorana fermions evaluated from the limiting value of determinant of the
block Toeplitz matrices. For quadratic Hamiltonians, elements of those matrices are
found in a closed analytical form as the functions of parameters of the Hamiltonian.
In the interacting models such as the dimerized XY Z chain and the two-leg ladder,

the renormalized parameters associated with the Majorana fermions in each matrix el-



ement, are calculated in terms of bare parameters of the original Hamiltonian [38,59].
Those calculations were done self-consistently from the minimization of the free-energy
of the model. From those renormalized parameters, field-induced uniform magnetiza-
tion can be numerically calculated at each point along the axis of the applied field. The
number of magnetization plateaus appeared on those magnetization curves for isotropic
chains and ladders satisfies necessary quantization condition as derived in [60-62]. The
constant magnetization on the plateau region is an indication of gapped phase, while
the magnetization gradually increasing on the gapless incommensurate region is called

the Luttinger-liquid (LL) phase.

By utilizing duality transformations, we demonstrate that it is possible to map
the problem of calculation of nonlocal SOPs in the chains and brane order parameters
(BOPs) in the ladders onto the problem of local (Landau) order parameters in the dual
representation, where the dual models are given by exactly-solvable Hamiltonians and
their order parameters can be calculated exactly. It is then also straightforward to
relate appearance of the SOP with the spontaneous symmetry breaking in terms of the
dual Hamiltonian. In some cases, the duality can simply map the nonlocal order onto
some average of the product of the decoupled local orders e.g., magnetization, and hid-
den symmetry breaking becomes apparent in terms of the sublattice magnetization(s)
on a dual lattice, with one or both of the Ising Z, symmetries broken [23,35-38,59]. In
general manifestations of the hidden symmetry breaking are the least straightforward.
In addition, we show that the gapped phases not only have distinct SOPs , but they

can also be distinguished by the winding (Pontryagin) number.

In the context of the previously reported difficulties, it is important to gain more
insight on SOPs by dealing with nontrivial models rather than the simple models. One

of these models we study here, in the guise of the dimerized XY chain with uniform and



modulated transverse fields, has been known for several decades [63]. It is an exactly
solvable model, and its spectrum and phase diagram are well known [63,64]. However,
the explicit calculations for the spontaneous magnetization seems to be missing in the
literatures. Most importantly, the nature of the order in the topological phase was
not clarified, and here we report out findings of its nonlocal order, oscillating with
the period of four lattice spacings, and monotonously saturated in the paramagnetic
(PM) phase [37]. A similar treatment is done in dimerized XY Z chain with uniform
and alternating transverse fields, where its renormalized effective Hamiltonian and
spectrum have the same expressions as the noninteracting (XY) model. From the
derivation, the only difference we found is that the six bare couplings of free-fermionic
Hamiltonian are replaced by the respective renormalized parameters. It is natural to
explore to which extend the results of [37] can be generalized for the interacting case
A # 0. The phase diagram of the model is one of the main results of our study. To
systematically probe non-local order beyond 1D, one needs to define the brane order
parameters [65-72] , and that is the concept we use in the two-leg ladder. To analyse
the brane order parameter, the spin Hamiltonian of the two-leg ladder is treated within
a Hatree-Fock mean-field approach and mapped onto the quadratic effective fermionic
Hamiltonian [59]. The progress in calculation of the brane order parameters is made

by using the duality transformations.

The fermionic representation of models XY and XY Z are in the form of the Kitaev
chain of Majorana fermions with dimerized hopping and modulated chemical (poten-
tial). The latter model has an additional modulated anomalous (superconducting)
pairing term in the Hamiltonian. The solvable Kitaev Majorana models with dimer-
ization and spatial modulations of the potential were studied very actively in recent
years with the focus on their topological phases with hidden orders and Majorana edge

state [36,73-75], similar models with more general settings were studied in Ref. [76-78].



In the context of our current research interest, the models presented here provide rich
phase diagrams, critical properties, when the phase diagrams contain both conventional

local and quite peculiar nonlocal orders.

It appears that the notion of the topological order is not understood uniquely in the
literature. In connection to the spin chain and ladder, it appears to be associated with
the additional U(1) symmetry of the isotropic limit. In this limit, the Lieb-Schultz-
Mattis (LSM) theorem [79] and its subsequent generalizations [60-62,80, 81] predict
either gapless incommensurate phase without symmetry breaking or gapped phases
with broken Zs Q) Z, symmetry, integer fillings, and plateaus of magnetization. The
plateaus are sometimes viewed as hallmark of topological order. Our understanding of
topological order is not tied up to the continuous U(1) symmetry or related plateaus.
The gapped phases with broken (discreet) symmetry are secured by the extension of
the LSM theorem for the spin chains without continuous symmetry [62]. Without U(1),
the plateaus are smeared, but the robust SOP still exists and is continuously connected
to its U(1) limit. Thus we associate topological order with nontrivial SOP or brane
order parameter (BOP)][see definition in sec.1.2.5]. Also, the nontrivial winding number
and zero-energy localized Majorana edge states, as additional attributes of topological
order, are robust in the topological phase even aside from the line of U(1) symmetry,

in agreement with analogous exact results [36-38].

These results allow us to stress close similarities between various gapped phases
occurring in spin models and topological insulators/superconductors. The latter are of
great current interest [4,24,27]. The proposed approach provides a unifying theoretical
framework to deal with nonlocal order parameters in such seemingly different systems

within the Landau paradigm.



1.2 Background

1.2.1 Jordan-Wigner transformation

The first step of solving the Heisenberg model [see definition (3.1) below] is the fermion-
ization of the model’s spin Hamiltonian. In order to map the spin operator onto spinless
fermionic operator we start from one dimensional Jordan-Wigner (JW) transforma-

tion [79,82,83]. It is defined as

ol = cl exp [iﬂ' ﬁl] (1.1)
I=1
and
02 =2clc, — 1 (1.2)
where 07 = 1(0% £ i0¥) and 7y = cchl is the number operator having the value 0 or 1

and satisfying the following relations [79]:

eimin = T — 1 _ 2¢cle, (1.3)

The fermionic operators (clT, ) satisfy standard anticommutation relations:

{en; CaTn} = Onm, {ensem} = {C:rw Cin} =0 (1.4)

We present schematically the transformation (1.1) as indicated in Fig. 1.1 where the
path of JW-transfornation goes through each lattice site exactly once. To obtain the
phase of any site say m-site we sum up from the site 1 to m — 1 keeping in the mind
that the summation can not extend to every site except m, that preserves the spin
commutation relation. In this research the Heisenberg model only consists of the first-

nearest neighbour spin-spin interaction. Using JW transformation (1.1) we map the



1 n-1 n m-1 m
(2)

° ) ° ° ) L] ) ° ° °
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1 (]
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1 [}

a=2® ¢ ° > > $ ° °
: A Y A Y :
a=le H o > > > ® ° °
21-1 21 21+1 21+2
(b)

Figure 1.1: Schematics of path for the JW transformation that we employ in the spin
(a) chain-see Eq. (1.1). The dashed line crosses only one time through any site at which
the phase term is to be calculated. (b) two-leg ladder-see Egs. (1.8a) and (1.8b). The
arrow passes only once through any site at which the phase term calculated.

spin-spin operators of the Hamiltonian onto spinless fermionic form:

n
aLanH = cL exp [m ﬁl] exp [ —am Z ﬁl] Cnil = chnH, (1.5)
=1 =1

0r oty = e (1.6)

where we have used the Eq. (1.3) and

chetimin — o1 (1.7)



(see [84] for details).

Using the concept of 1D JW-transformation and the commutation algebra of the
fermionic operators, we obtain the generalization of the JW transformation in the case
of two dimensions. 2D JW-transformation is applicable in the presence of the trans-
verse coupling and the problem gets more interesting. To resolve the two dimensional
problem we introduce a transformation where the phase at the site (n,«) is now ob-
tained by summing up all the sites at the left of dashed line as depicted in the Fig.
1.1b. Here n./, represents the site of position along the axis of chain while a represents
inter-chain site position. The summations are carried out in different way for the phase

taken in (ne, @) or (n,, ) site.

There are different ways to introduce this transformation when we depart from a

single chain problem to the ladder model [23,35, 39, 83,85-88]. We introduce 2D JW

transformation:
noe—1 M a—1
ol (n,) = ¢l (n,) exp [iﬂ' Z ng(l) + Z ﬁd(no)] (1.8a)
I=1 d=1 d=1
ne—1 M M
ol (ne) = cl (ne) exp [zﬁr Zﬂd(l) + Z ﬁd(ne)] (1.8b)
=1 d=1 d=a+1

The phase factor is the number of occupied sites along the defined path shown in the
Fig. 1.1b. In particular, for two-leg ladder, a = 1,2 and M = 2 then Egs. (1.8a) and
(1.8b) become

ot (1) = ¢t (o) exp [m 3 3 fall) + Zﬁdmo)] (1.92)
ol (n.) = ¢! (n.) exp [m 3 Zﬁd(l) + Z nd(ne)} (1.9b)
=1 d=1 d=a+1
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As doing spin-spin interaction in Eq. (1.5) along the path indicated in the Fig.1.1b,

one can map following spin-spin interaction terms onto spinless fermionic operators:

ol(20 — 1)o7 (20) = ¢} (21 — D)y (20)e M1,

ol (20 — 1)og (21) = cb(21 — 1)ea(20),
o (2007 (21) = ch(20)er (20),
ol(20 — 1oy (20 —1) =l (20 — 1)eu(20 — 1),
ol (2)o7 (214 1) = ¢l (20) ey (20 + 1),
o200y (21 + 1) = ch(20)ea (21 + 1)e 22D

We write them in the following explicit form:

ol(n)oy (n+1) = e el (n)ca(n+1)

(07

UL(”)U;H (n) = cl(n)cas1(n),

where we have used the phase term

(1.10a)

(1.10b)
(1.10¢)
(1.10d)
(1.10¢)

(1.10f)

(1.11)

(1.12)

(1.13)

along the chain and it is the generalized form of the phase term of Eq. (1.7). Those

mappings (1.11) and (1.12) and their hermitian conjugates (h.c) are quite useful to

fermionize the spin Hamiltonian of the ladder.

11



For the first time we propose the diagonal path of JW transformation as shown in

Fig. 1.2. It is defined as

n—1
ol = ¢l exp (z'7r Z cchl>

path, [=1

with o7 = 2clc, — 1 and of = $(0f +icY).

4 I

Y

Y

H—_——— —y W

2 5

\ 4

6 9

(1.14)

Figure 1.2: Diagonal path of the JW transformation used for the two-leg ladder.

This diagonal JW transformation will be used for the rung-dimerized ladder in

chapter 4. Following all the steps described in the snake-like path (see Fig. 1.1b) we

obtain two phase terms along the rung and chain

. m(na(n — 1),
by | 7D
w(ni(n+ 1),
and
0,
Do(n) =< 7(ia(n — 1) + na(n),
m(ni(n+ 1)+ ny(n+2)),
respectively.

1.2.2 Mean-field Approximation

n=2 -1
n =2l
a=1,2, n=2]

a=1,n=2-1
a=2, n=2[—-1

(1.15)

(1.16)

The mean-field theory for the quantum spin chains and ladders is in fact the Hatree-

Fock approximation for their interacting fermionic terms which appear in the Hamilto-

12



nian. We use the most general decoupling [89] for the interacting term with a product

of two number operators (7 = ¢/ ¢;):
ity 2 (i) + Ao (a) = () iom) + (e emcach,) = cfelfeiem) ) + Hee

+H{eeh)* = Kacm) . (1.17)

In this work, we only consider next neighbour spin interaction, i.e., m = [ + 1. Such
approximation applied to the Heisenberg chain is known from the literature to be
accurate, at least qualitatively, see e.g., [89-94]. We treat the interaction terms of

Heisenberg chain via Eq. (1.17):

1INy 1 1
(fin = 5) (intr = 5 ) = 1Kal® = 1Pl + 5 (10 + M1 = i)

1 . .
_§(mnnn+1 + My1fy) + ICnc:anH — Pncjlc}:ﬂ + H.c (1.18)

where the average terms are

Kn = <Cnciz+1> (1.19)
P, = (chcni1) (1.20)
m, = (1 —2clc,) (1.21)

To deal with interacting terms of the Heisenberg two-leg ladder we introduce one extra
label on the fermionic operators of the mean-field Hamiltonian. In doing so one can
easily distinguish interacting terms along the chain and along the rung. Following the

steps as done in (1.18) we obtain longitudinal decoupling

(ﬁa(n) - —> <ﬁa(n 1) - 1) = Ka(n)ch(n)ca(n + 1) — Pa(n)c(n)ch(n + 1) + Hee

13



HKa(n)2 = [Pa(n)[? = %(ma(n)ﬁa(n 1) + ma(n 4 1)ia(n) )

—i—;l(ma(n) + ma(n+ 1) = ma()ma(n + 1)) (1.22)

and transverse decoupling
((m) - 1) (a(m) - 1) — ¢, (n)el(n)ea(n) + Hec — %(ml(n)ﬁg(n) +ma(n)in(n))

"’%(ml(”) + ma(n) — m1(n)m2(n)> + [t (n)]? (1.23)

where the average quantities are

Kao(n) = {ca(n)ch (n +1)) (1.24)
P,(n) = (ca(n)ca(n+ 1)) (1.25)

£.(n) = (e ()l (n)) (1.26)
ma(n) = (1 — 2! (n)co(n)) (1.27)

where a and n are leg and chain indices respectively. Here the parameters K,(n),
P,(n) and t,(n) depend on the numbers of chains and legs since dimerizations are

considering either along the chain or along the legs.
1.2.3 Spin duality transformation

Spin duality transformation has a remarkable property in the low dimensional quantum
system where the spin operators ¢ of original lattice is translated onto dual spin oper-
ators 7's in dual lattice space. In the one-dimensional system their relationships [95]
are

Oy =Ty _1Th (1.28)

14



and

N
ol = HTII. (1.29)
I=1

Here 7-s obey the standard algebra (preserve commutation and anti-commutation re-
lations) of Pauli operators, and they reside on the sites of the dual lattice, which can
be placed between the sites of the original chain where the operators o-s reside. N is
the number of the original/dual lattice sites. To advance our analysis of spin chains
and ladders (to be discussed in next chapters) we use the JW transformations (1.1),

(1.8a), (1.8b), and the self-adjoint operators
2¢! = a, +ib, (1.30)
with the standard anticommutation relations
{an, am} = 20pm, {bn,bm} = 20,m,

{an, b} = 0. (1.31)

Then one can establish the following relations for the inverse JW transformation from

the Majorana fermions to the dual spin operators 7 (1.28) and (1.29):
0301 = Wnlny1 = Ty 1Ty (1.32)
olol | =ibyria, =T (1.33)
1.2.4 Local and string order parameters

We write the local order parameter [79,96] of the Heisenberg model as the limit of the

spin-spin correlation function in terms of two sublattices, and named as spontaneous
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magnetization:

m2 = lim (0c%0%), a=ux,y,2 (1.34)
n—m—00

In this research we study an asymptotic behaviour spin-spin correlation function and

its existence in the different regions of the parametric space of the models.

Now we define the string operators

0% = exp [% 3 0?} (1.35)

k—mn

where the summation is carried out along all sites of the string, left from the nth
site. In the case of the chain model this is unambiguous and means k& < n, while for
ladders or other models the path of the string must be specified, as we discuss in the
following chapter. The string order parameter (SOP) O, is determined from the limit

m —n — oo of the string-string correlation function

. m—1
1T

<o;og> - (—1)m*1<exp [3 agD (1.36)
Taking 1 = 1 and m = 2/+1 in (1.36) (note that SOP for odd number of spins vanishes

due to symmetry), the SOP is introduced as

l—00

02 = hm(—1)’<f[a,3> (1.37)

In the original proposal by den Nijs and Rommelse [28] and in the subsequent work on
the spin chains (see. e.g., [30,33]) the SOP was identified (up to some minor variations)
with the limit of the string-string correlation function, which is not convenient, since
such SOP has a wrong dimension of square of the order parameter. The definition we

use here [97] is more consistent with the standard theory of critical phenomena and is

16



in line with the definition of the Landau order parameter via a correlation function of
local operators. We will show that in the critical region O, o |t|?, where t is a distance
from the critical point and the critical index of the order parameter 3 correctly enters

all the scaling relations.

Using the duality transformation (1.28) in equation (1.37) we get

O?% = lim (1) {7&73) (1.38)

l—00

So, the nonlocal SOP defined on the sites of the direct lattice becomes a local order
parameter on the dual lattice. This implies that for the phase transitions with nonlocal

orders the conventional Landau framework can be recovered via duality.
1.2.5 Brane operators and order parameters

The string operators and order parameters were generalized for two-leg spin ladders
[13-16,98,99]. However it is more consistent to use the concept of the brane order to

go beyond one spatial dimension [59,65,67-72].

We define an even brane operator which includes the area (brane) with an integer

number of legs:

2 n
Bin)=[[1]ot), i=wy.2, (1.39)
a=1 [=1

and the odd brane operator which includes one “loose” extra spin at the far right end:
B, (n)=Bl(n—1)o,(n), a=12. (1.40)

We also define the corresponding brane-brane correlation functions which are calculated
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in the following: the even-even correlator
(Be(m)Be(n)) (1.41)

the mixed correlators

(BL(m)B, 4(n)) and e < o, (1.42)

and the odd-odd correlation function

(B} o(m)B, 5(n)) - (1.43)

Those brane-brane correlators are schematically depicted in Fig. 1.3. In the following

we will also encounter the brane correlation function of the operator
Bi(n —1)of(n)oy(n) and z <>y , (1.44)

which is the even z-brane with the x and y spins attached to its far right edge.

The brane order parameters (BOPs) are defined as non-vanishing limits of corre-

sponding brane-brane correlation functions as m —n — oc.
1.2.6 Topological winding number

In the previous subsection we have presented the local, non-local and brane order pa-
rameters to characterize conventional and topological phases in the spin chains and
ladders. In addition, the topological phases can be classified by defining the other
topological number called winding number or Pontryagin index. It counts the number
of loops formed by the renormalized vectors in the topological phases over the Brillouin

zone by wrapping the phases about the center of the complex plane. Those renormal-
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Figure 1.3: Branes and brane-correlation functions: (a) and (b) depict an even/odd
brane, resp., for (b) another odd brane may be obtained by reflection with respect to
horizontal axis; (c)- even-even brane correlators; (d)-even-odd brane correlator; (e),
(f)- odd-odd brane correlators. The odd-even and odd-odd brane correlators can also
correspond to other graphs obtained from cases (d-f) by reflections with respect to
horizontal /vertical axes.

ized vectors in the complex plane can be found from the spectrum of the model in

momentum space.

It has been shown in the recent years that many quantum phase transitions with
hidden orders are accompanied by a change of topological numbers [4,24]. Here we
calculate the winding number (or the Pontryagin index) in all regions of the model’s
phase diagram. Such parameters were calculated recently in similar 1D models, see,
e.g., [35,37,38,59,73,74,100-103]. Following the formalism of [104] we rewrite model’s

Hamiltonian as a Bogoliubov-de Gennes Hamiltonian matrix

A B
HEk)=| . (1.45)
Bt —A

By unitary transformation the Hamiltonian (1.45) can be brought to the block
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off-diagonal form

0  D(k)
He=| (1.46)
Di(k) 0
with operator
D(k) = A(k) + B(k) (1.47)

which has two eigenvalues A\.. For the Hamiltonian matrix of this type the winding

number is defined as the following integral over the Brillouin zone [104]

1 w/2 .
N, =— dk[0x Indet D] (1.48)

C2mi )

can be readily calculated for any model as

N, = - arglh (k) + A (k)]

1.49
271 ( )

ERE]
ool

Another angle of analysis [59] can be presented upon analytical continuation of the
wave numbers on the complex plane: e* = 2. Then the winding number (1.48)
becomes

N, = 1 dz[0. In det D] (1.50)

2w Jin
It accounts for the excess of the number of zeros over the number poles (weighted
with their degrees of multiplicity) of det D inside the unit circle on the complex plane
[59,105]. In a quantum model the zeros of det D are also zeros of the spectra E. of
the model, since (F,FE_)? = det DD?. Any change of winding number means that a
root crossed the unit circle |z| = 1, which signals a quantum phase transition [59,106].

For the considered models we find

det D(z) = f(2)(z — 24)(z — 2_), (1.51)
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where 2z are the roots of the quadratic equation of z derived from the spectrum of the

model and f(z) is a function of z consisting with the parameters of the Hamiltonian.

As discussing above one can be viewed N, as a complementary parameter in char-

acterizing topological gapped phases.

1.3 Organisation of this thesis

This thesis is organized in six chapters as described below:

1. Chapter 2: In this chapter, which covers publication (II) and a section of publi-
cation (I), we present the ground state properties of the dimerized XY chain with
the uniform and the modulated transverse fields. In the section 2.1, we introduce
the spin and fermionic representations of the model. We also discuss its spec-
trum, phase diagram, and the field-induced magnetization. Section 2.2 contains
the main results of the model. We present the formalism, the calculation of the
spontaneous magnetisation (local order parameter) for the magnetic phase, the
string order parameter for the topological phase, and the winding numbers. We
analytically discuss dimerized XY chain at zero field (h = h, = 0) in the section
2.3. Using the duality transformation, the SOPs and local order parameters are
calculated exactly. We also find the winding numbers for the different phases of

the model.

2. Chapter 3: Within this chapter that covers publication (III), it additionally con-
tains descriptions of ground state properties of dimerized XYZ chain in the uni-
form and staggered magnetic fields. In section 3.1, we introduce the analogous
fermionic representation of the interacting (A # 0) model and present spec-

trum, phase diagram, and some average quantities. Those are building blocks
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to be used in the effective Hamiltonian, and in the mean-field equations. Sec-
tion 3.2 presents the derivation of the mean field equations, renormalized pa-
rameters, and the renormalized effective Hamiltonian of the model by using the
mean-field (Hartee-Fock) approximation. Section 3.3 contains the results for the
XY7Z chain. We present the phase diagram, mean-field parameters, spontaneous
magnetization, local, nonlocal order parameters, and winding numbers for each
phase. Section 3.4 presents the results for the isotropic XXZ limit of the model.
Since more analytical work can be done in this limit, more qualitative discussions
of the results are presented, including the role of interaction, robustness of the
mean-field approximation, and a relation of the reported topological orders to
earlier findings of the spontaneous magnetism in this model. The algebraically
ordered incommensurate gapless phase for interacting and noninteracting models

are analyzed in this section as well.

3. Chapter 4: This chapter is about the ground state properties of the dimerized
two-leg ladder with modulated transverse magnetic field. In a section 4.2, we in-
troduce the field dependence fermionic effective Hamiltonian with the renormal-
ized parameters, using the mean-field (Hartee-Fock) approximation. In section
4.3, we study the conditions of quantum criticalities and analyze phase diagrams
of the isotropic two-leg ladders in three dimerization patterns such as staggered,
columnar and rung-dimerization. Using the explicit expression of field-induced
magnetization, we plot the magnetization curve versus bare magnetic field. Those
calculations were done numerically by determining the renormalized parameters
self-consistently from the minimization of the model’s free energy. The appear-
ance of magnetization plateaus in the magnetization curve is the peculiar prop-
erty of the isotropic ladder. The number of gapped plateaus and Luttinger-liquid

(LL) gapless phases we found here depend on the type of the ladder we use. In-
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terestingly, those results that we found in the different isotropic ladders are in a
good agreement with the quantized condition for the magnetization plateaus. In
section, 4.4 we apply the technical details of the Hatree-Fock mean-field approxi-
mation, which maps the spin Hamiltonian of ladders onto their quadratic effective
fermionic Hamiltonians. In all possible cases, thee sets of related mean-field pa-
rameters of Hamiltonians are calculated explicitly by determining renormalized

parameters from the minimization of their free-energies.

The manuscript based on the results of this chapter is in preparation.

4. Chapter 5: In this chapter, which covers the publication (IV) and a part of publi-
cation (I), we study the ground state properties of the anisotropic two-leg ladder.
In section 5.1, spin Hamiltonian is defined, and the quadratic effective fermionic
Hamiltonian is introduced along with its mean-field (renormalized) parameters.
Section 5.2 contains most of the formalism on spectra, phase diagram and dual
model. Our new findings suggest that there is a possibility of quantum phase
transition in columnar ladder with appropriate anisotropic parameter which have
interesting potential experimental predictions. Section 5.3 explains most of the
formalism of mapping onto the dual space and all results coming from those cal-
culations. The calculation of topological winding numbers for the different phases
is given in section. 5.4. The derivation of the quadratic fermionic effective Hamil-
tonian and details on the mean-field equations are presented in section 5.5. In
section 5.6, we present the analogous results of the dimerized two-leg ladder at

its isotropic limit v = 0.

5. Chapter 6: Finally, this chapter summarizes the results obtained and presented

in this thesis briefly, and provides some future directions.

6. Appendix: In Appendix A, the mean-field parameters are found explicitly from
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minimization of the free energy. Those equations take into account the flux
correction term v at each plaquette of the lattice, which is a new analytical
result. Appendix B contains several new exact results for the order parameters
in the XY chain with transverse fields, which are applied to calculate the brane
orders. The Appendix C contains details on the order parameter calculation for

the quantum Ising chain with the three-spin interaction.

1.4 Contributions

This thesis is mainly based on the following publications and presentations:

1.4.1 Publications

1. Constructing Landau Framework for Topological Order: Quantum Chains and Lad-

ders, Gennady Y. Chitov and Toplal Pandey, J.Stat. Mech., 043101 (2017);

This work has been done in collaboration with Prof. Gennady Y. Chitov;

I1. String and Conventional Order Parameters in the Solvable Modulated Quantum
Chain, Gennady Y. Chitov, Toplal Pandey, and P. N. Temonin, Phys. Rev. B
100, 104428 (2019);
This work has been done in collaboration with Prof. Gennady Y. Chitov and
the late Dr. P. N. Timonin from Physics Research Institute at Southern Federal

University, Russia;

III. Phase Diagram and Topological Order in the Modulated XYZ Chain with the Mag-
netic Field, Toplal Pandey, and Gennady Y. Chitov, Phys. Rev. B 102, 054436
(2020);

This work has been done in collaboration with Prof. Gennady Y. Chitov;
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IV. Brane order and quantum magnetism in modulated anisotropic ladders, Toplal

Pandey, and Gennady Y. Chitov, arXiv:2111.09813v1 (2021).

This work, which is under review and has not been published yet, has been done

in collaboration with Prof. Gennady Y. Chitov.

1.4.2 Presentations

done by the PhD candidate:

I. Quantum Phase Transition and Hidden Topological Orders in low-dimensional Mag-

netics, CAP congress, Montreal, Canada (2013);

I1. Quantum Phase Transition and Hidden Topological Orders in low-dimensional Mag-

netics, CAP congress, Sudbury, Canada (2014);

I11. Constructing Landau Framework for Topological Order: Quantum Chains and

Ladders, International Conference in Physics, Lyon, France (2016);

IV. String and Local Order Parameters in the Solvable Modulated Quantum Chain,
CAM conference in Physics, Sudbury, Canada (2019);
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Chapter 2

Dimerized XY Chain in Modulated
Magnetic Field.

In this chapter, we study the exactly solvable anisotropic dimerized XY spin-1/2 chain
in the uniform and staggered transverse magnetic fields. In order to solve the model
and find such quantities as energy spectrum, ground state energy, and gapped phases
etc, we use the JW transformation. The advantage of using such transformation is that
it always preserves the spin commutation relations. It maps the spin-1/2 operators onto
the non-interacting spinless fermion operators in the model’s Hamiltonian. From the
spectrum we identify commensurate and incommensurate phases in the phase diagram.
We also present field induced magnetisation, spontaneous magnetisation (local order
parameter) via Bogoliubov transformation and Majorana operators. In this chapter, we
also discuss the formalism to calculate the spontaneous magnetisation for the magnetic
phase and string order parameters SOPs (hidden orders), and winding numbers for the

different topological phases.
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2.1 Model

2.1.1 Spin and fermionic representation of the model

To analyse the various aspects of the conventional Landau and the topological orders
we define the model and recapitulate its main results known explicitly and implicitly
from the earlier work. The spin Hamiltonian of the model is the dimerized quantum
XY chain in the presence of uniform (h) and alternating (h,) transverse magnetic

fields:

=]

{L+7y+0(=D)"onons + [L =7+ 6(=1)"]oson )

H=3 0
b (-1 hoJos. (2.1)

Here o are the standard Pauli matrices, J is the nearest-neighbour exchange coupling,
and v and J are the anisotropy and dimerization parameters, respectively. This exactly
solvable model was first introduced and analyzed by Perk, et al. [63]. (See also [35,107—
110] for related more recent work on the versions of this model.). The standard JW

transformation (1.1) [79,111] maps (2.1) onto the free fermionic Hamiltonian

H= Z‘é{ua V(s + hc) + 7 (chel Ly + h)}
+[h+ (= Whm %—%) (2.2)

called in recent literature the (modulated) Kitaev chain [112]. In the fermionic repre-
sentation (2.2) the chain has dimerized hopping and modulated chemical potential. So
weather we deal with the modulated XY spin or the Kitaev fermionic chains, is a mat-
ter of more convention, especially since the results below will be given in terms of spins

or fermions, on the same footing. The fermionic operators ¢, in Eq. (2.2) obey the
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canonical anticommutation relation, where as spin operators o, satisfy commutation

algebra of Pauli matrices.

We utilize the duality transformations (1.28) and (1.29) [95,113]. This transfor-

mation maps (2.1) onto the dual spin Hamiltonian

H=H.+H,+ H,;» (2.3)
where,
g2
H, = 1 Z(l T =)y oty + (L =7+ 0)75 (2.4a)
=1
g
Z Lty +0) 5 7o + (L =7 = 0)75,4 (2.4b)
=1
;N N
Hypia = =5 > _[h+ (=D)"ha)rimy [T (1 =7 +0)m (2.4c)
=1 m=n

which is sum of two one-dimensional (1D) transverse Ising models residing on the even
and odd sites of the dual lattice, plus the field-induced Zs ) Zo symmetry-breaking

term H,,;; which couples the even and odd sectors of the dual 7 Hamiltonian.
2.1.2 Spectrum

The next step to diagonalize the Hamiltonian is to apply the fourier transform for even

and odd sites of the chain. We define even and odd transformations as
1 .
o i(20)k
Cy = ——= Z el (k) (2.5a)
VN <

1 |
chy = N > IR (k) (2.5b)
k

28



where £ is the wavenumber which is continuous variable and runs over the first Brillouin
zone [—7/2, w/2]. For system with more than one species of fermions it is convenient
to use the Nambu formalism [114]. After Fourier transformation, the fermionic Hamil-

tonian (2.2) takes the form of single particle Hamiltonian:
1
H=3 PR A (2.6)
k
where the fermions are unified in the spinor

Wl = (cl(k), ch(k), ex(=k), ex(=) (2.7

where we have used ¢/, (k) = \/Li [c1(k)£c2(k)]. Thus the JW fermions in the coordinate

representation (2.2) becomes

1 a—1)n ikn
= o kR e (23)
a,k

For simplicity, we set the lattice specing a=1 and band index o = 1,2. The 4 x 4

Hamiltonian matrix (we set JJ = 1 from now on) can be written as

A B
Hy=1| _ A (2.9)
Bt —A
with
. h+cosk  hg+idsink
A= (2.10)
h, —i0sink h —cosk
and
. —iysink 0
B= (2.11)
0 1ysink

29



PM \|  NF0

Figure 2.1: Phase diagram of the model in h-y plane. The model is critical (i) on two
infinite lines h = +ht" (dark blue, A" = \/hZ + 1): (ii) on the circle h? + 42 = R?
(bold red, radius R = \/hZ + 6?); and (iii) on two line segments \/h2 + 0% < |h| <
Vh2+1at~y =0 (bold green). Depending on the sign of the spin coupling J, the local
order m,, can be ferro- or antiferromagnetic. Three phases: disordered paramagnetic
(PM), (anti)ferromagnetic, and topological with modulated string order parameter O,
are shown. The four paths (1-4) in the parametric space used for the calculation of
magnetisation and string order parameters are indicated by thin dashed lines. The
winding numbers N,, calculated in the Subsection 2.2.4 are also shown.

From the explicit expression (2.9), eigenvalues [63] +E. (k) are found

Ey(k) = \/Cg(k) + 4/ €2(k) — €4 (), (2.12)

with
Cy(k) = h® + h2 + cos® k + (6% + %) sin® k (2.13)
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and

2
¢4 (k) = [h2 B2~ cos?k — (82 — 4?) sin? k} + (ysin 2k)? (2.14)
The Hamiltonian (2.6) reduced to the diagonal form

1

H =37 Balk) [natk)na(k) - 5 (2.15)

where 7,(k) is the new set of fermionic operators defined by a unitary transformation

on the pair ¢, which will be discussed in detail in the next subsection.
2.1.3 Phase diagram

The phase diagram of the model was first introduced by Perk et.al. [63]. See also [64] for
the recent review. The critical lines where the model becomes gapless, are determined
by the condition €,(k)=0. Compare Egs. (2.12) and (2.14) and Fig.2.1. There are
three phase boundaries:
(i)At
h=+h2+1, V7,6 (2.16)

the gap vanishes at the center of the Brillouin Zone (BZ) (k = 0).

(ii) At the edge of the BZ (k = 7/2) the gap vanishes on the circle
h? +~* = h2 + & (2.17)

(iii) Two critical line segments at v = 0 correspond to the gap vanishing at the incom-
mensurate (IC)wave vector

1+ h2— 12

s (2.18)

k. = 4 arcsin
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(b)

Figure 2.2: The boundaries (bold red) (2.17) between the phases with local order m,,
and the 7/2-modulated topological string order O, in d-v plane for the case of h < h,
(upper figure) and h > h, (lower figure). The bold green line shown in the lower figure
indicates the phase boundary v = 0 where the gap vanishes at the IC wave vector (2.18)
(compared to Fig. 2.1). The two thin dotted lines v = £ are the phase boundaries in
the limit h = h, = 0, studied in the earlier work [35].
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Here, the IC solution exists in the range of parameters:

y=0, 16 <1 and A2+ 02 < |h| < /RZ+1

(2.19)

The wave vector (2.18) varies continuously from k. = 0 at the intersection of v = 0

and h = +4/h2 + 1 to k. = £m/2 where the critical segments end at the intersections

with the circle.

It is useful to plot the phase boundaries (2.17) in the -0 plane, especially keeping

in mind connection to the earlier work [35]. This phase diagram is shown in Fig. 2.2.

2.1.4 Field-induced magnetizations and susceptibility

Differentiation of the free energy with respect to h and to h, yield magnetisations

a __ ]' Y n z
mz—ﬁg(—l) {o7),

respectively [63]. At zero temperature the explicit expressions are

h/
m., = —
0

Wl

1 1 cos? k + |w,|? 1 1
(& 2)- (&t
E, E_ Vh2cos?k + |wPlw, 2 \Ey B

and

wi= [ 5) e (5 )
oo E, E_ Vh?cos?k + |w|w, 2 \Ey B
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(2.20D)

(2.21)

(2.22)



where we defined the auxiliary parameters:
w=h+iysink and w, = h, +idsink (2.23)

The physics becomes more transparent if we introduce two magnetizations on even/odd

/

sublattices my° as

1 1
me = 5(mE +m2) and m? = —(mS —m?) (2.24)

The differentiation of magnetization with respect to magnetic field h gives the suscep-

tibility [63]

= [T ) (o (DY (e )

2

(5 (R (- e )

_2h2<w> <Ei3_ — Eii> (2.25)

where we have used the notation

R = v/h2cos? k + |w]|2|wa|? (2.26)

We plot all four field-induced magnetizations as functions of the uniform component of
the magnetic field h in the Fig. 2.3. Two cases need to be distinguished. The first case
shown in Fig. 2.3a corresponds to the variation of the field h along the path 1 on the
phase diagram in the h-vy plane shown in Fig. 2.1. The path crosses the paramagnetic
phase (PM) and ferromagnetic phase (FM) at the boundary h:h(l):m and the
boundary between the ferromagnetic and topological phases at h:h((f):\/m .
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Figure 2.3: Four magnetisations vs uniform magnetic field ~ at § = 0.4 and fixed value
of the alternated magnetic field h, = 0.6 for two values of 7. At (a) v = 0.35 and
the field h takes the path 1 shown in the %hase diagram Fig. 2.1. It crosses the phase
boundaries at h = At = 1.17 and h = h?) = 0.63 where the cusps are noticable. The
intermediate point hy = 0.84 where the odd sublattice magnetization vanishes and the
induced magnetic pattern changes from ferrimagnetic to antiferrimagnetic (see Fig.
2.4 is not related to any singularities. The induced order becomes antiferomagnetic at
h = 0. At (b) the path 2 of the field h (see Fig. 2.1) does not cross the critical circle
at v = 0.85. The magnetizations demonstrate cusps at the only critical point hgl),
while at h < hﬁl), including the point h = hg = 0.67 of the induced pattern switch, the
magnetizations are smooth.
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The magnetizations have noticeable cusps at these critical points [63].

By using Eq. (2.25) we plot the field-induced susceptibility in Fig. 2.5a. Two loga-
rithmic singularities are obtained at two critical fields A and h{?. At the intermediate
field hq (its value is available numerically only) the odd sublattice magnetization van-
ishes and the induced magnetic pattern changes from ferrimagnetic to antiferrimagnetic
(see Fig.2.4). This point is not related to any singularities in the magnetizations or

their derivatives.

o—>
@ e—
o—>
o—
e—>
e—

h>h

A A A
[ l I l o l h<hg

Figure 2.4: Visualization of the field-induced magnetization at different values of uni-
form external field h as presented in Fig. 2.3. The red/blue spins contribute to the
even/odd transverse magnetizations, respectively. The pattern evolves smoothly with
h from ferrimagnetic ordering h > hy to antiferrimagnetic at h < hy passing through
the point h = hy where the magnetization on the odd sites m¢ vanishes.

The second case shown in Figs. 2.3b and 2.5b correspond to the path 2 on the phase
diagram. It crosses only the PM-FM phase boundary and bypasses the topological
phase. The magnetizations demonstrate cusps at the only critical point h&”, while
at h < hgl), including the point h=hy=0.6758 of the induced pattern switch, the
magnetizations. There is only one singularity of susceptibility if it crosses the phase

boundary ht” (see Fig. 2.5b for detail).
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Figure 2.5: Magnetic susceptibility vs uniform magnetic field h at § = 0.4 and fixed
value of alternated magnetic field h, = 0.6 for two values of 7. (a) v = 0.35 and the
field h takes the path 1 shown in the phase diagram Fig. 2.1 where two singularities
appear at hl") = 1.17 and ) = 0.63. At (b) the path 2 of the field h (see Fig.
2.1) does not cross the critical circle at v = 0.85. The susceptibility demonstrates the
divergence at only a critical point h" | and becomes continuous elsewhere. (c) Along
the path 3 of the phase diagram (2.1) at h = 0.3 the susceptibility becomes singular
at 7. = 0.52 and continuous elsewhere along v axis.
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We also consider the path 3 of the phase diagram (2.1) where it crosses topological-
FM phases at the phase boundary %:\/m; v > 0. In this case the sus-
ceptibility is asymptotic at the 7. as shown in the Fig. 2.5c. The main conclusions
following from the analysis of the field-induced magnetization are: (i) the magnetiza-
tion cusps translate into corresponding diverging susceptibilities to probe the critical
points (phase boundaries); (ii) the vanishing odd sublattice magnetization m? and re-
lated change of direction of the odd magnetization at the intermediate field h=~hy do
not constitute a critical point; (iii) the components of transverse magnetization cannot
probe the order (or serve to build up a local order parameter) of the phase lying inside

the circle shown in Fig. 2.1.

2.2 Order parameters

2.2.1 Bogoliubov transformation and Majorana operators

To diagonalize Hamiltonian (2.6) in terms of new fermionic operators n,(k), we follow
the procedure introduced in [79] and utilize the Bogoliubov transformation within the

formalism worked out in [109]:

ok ok balk) — @5, (K
) = Y0 (S )y V)N

ok ok balk) — @i, (K
oy 3 (DO (0

where 13, (k) and ¢s.(k) are eigen matrices satisfy the conditions:

Ve (=) = Valk) (2.28a)
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Bpa(—k) = dpa(k) (2.28b)

It is convenient to introduce the Majorana fermions

ap + ib, = 2c! (2.29)

Using Eqgs. (2.8), (2.27), and (2.29) the Majorana fermions can be expressed as

i = \/LN S W5 B) (k) + (k) ) (1)t e (2.30a)

a767k

—1 n _—ikn
by = W;M@;a<k> (nsk) = m(=k) ) (=1)(e Ve (2.30b)

The unitary 2 x 2 matrices d and U
PP = Uiy =1 (2.31)

are constructed from the normalized (left) eigenvectors of the operators (AF B)(A=+ B)

whose eigenvalues are E2. Explicitly, ® and W solve the following equations:

®(A— B)(A+ B) =129, (2.32a)
U(A+B)(A-B) =10 (2.32D)

where
Iy = diag(E4, E_) (2.33)
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Using Egs. (2.10), (2.11), and (2.32) we find an eigen matrix:

. e~ _
b(k) = B 6 (2.34)
-3 €8y
where
0 WWg
= (2.35)
|wllwal
and
1 hcos k\1/2
= (1+ ) 2.36
B NG < 7 (2.36)
with
R = v/h2cos? k + |w]|2|wa|? (2.37)
One can also parametrize d in terms of Bogoliubov angle ¥'g defined as
By =cosd¥p, P =sindg (2.38)

Once the solution of (2.32a) is found, the solution of (2.32b) can be calculated straight-

forwardly as

~

U =I;'d(A-B) (2.39)

A A A

Alternatively, one can first find ¥ from (2.32b), and then ® as ® = I;'W(A + B).

Using the thermodynamic average for the Bogoliubov fermions
(e ()0} (K)) = Sagbin [1 = na(k)], (2.40a)

(n (k)ns (k') = Sagdrw, (2.40D)

where 1,(k) = [1+exp (BE,)] ! is the Fermi-Dirac distribution function, we can obtain
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the field-induced magnetization

L @ Rk, T =0 (2.41)

m, = —
2m —7/2

The above formula is equivalent to Eq. (2.21) obtained from differentiation of the

partition function. Introducing the matrix
G(k) = Ul (k)D(k) (2.42)
we find the zero-temperature correlation function of the Majorana operators:

. 1 (2 (a—1)n (B—1)ym ,—ik(m—n)
(ibnm) == > , Gaa(k)(—1) (—-1) e dk (2.43)
BT

The explicit form of matrix G (2.42) is calculated from Eqs. (2.34) and (2.39). One

can check that its components satisfy the following relations;
Go(k £ ) = Giao(k) (2.44a)
Goa(k £ ) = G11(k) (2.44b)
Then Eq. (2.43) can be simplified into
(iban) — 5 | :{Gnuf) T (=1)"Gra(k) e M) (2.45)
where the matrix elements are found to be
g2 B2 1 w*|we|?

Gr1(k) = (cosk +w )[E—++E} _1_5 -

[E% - i} (2.46a)
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2 2
Gra(k) = w, [g—; + %] + (cosk +w*)e? B, B [ELJF - Ei] (2.46b)

The formulas derived in this subsection provide us with the main results needed for

the rest of calculations.
2.2.2 Spontaneous magnetization

We define the spontaneous longitudinal sublattice magnetization as

(mg)* = lim (03,03,) (2.47a)
(mg)* = lm (05103, ) (247b)

The spontaneous longitudinal magnetization is the (local) order parameter defined as
1
My = §(m§ +m3). (2.48)

We also defined the Majorana string operator:

m—1

Oz(m) = l:I [’iblal+1]. (249)

=1

By definition O,(1) = 1. For further reference let us remind some useful relations
between original spins, Majorana fermions, and the dual spin operators (1.32) and
(1.33). Then O,(m) = ofcok. The spin-correlation function can be calculated as the

correlation function of the Majorana operators [79]

(010%) = (0o L)Ou(R) = ( [T libucasa]). (2.50)
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The latter is given by the determinant

<’ibLCLL+1> (ibLaL+2) <z’bLaR>
(ibL+1aL+1> <ibL+1aL+2> (ibL+1aR>
(ofoR) = ' ' ' . (2.51)
<’ibR_1aL+1> <ibR_1aL+2> <’L.bR_1aR>

To calculate the quantities of our interest we choose the ends as
L=2 R=2N + even quantity

L=1, R=2N -1 + odd quantity (2.52)

In both cases we are dealing with 2(IN —1) x 2(N — 1) matrices. Note that (2.51) is not
the conventional Toeplitz determinant, since the elements of the matrix (ib,a,,) given
by Eg. (2.45) do not satisfy the condition (ib,a,,) = f(m —n). It is however possible

to represent (2.51) via a block Toeplitz matrix [115,116]. Let us define
and its inverse Fourier transform

GE(l) = % /_ " GE (k)M dk (2.54)
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along with the 2 X 2 matrix

Gesoll) = ¢ GH+) (2.55)
GFl—1)  GF()

Then the sublattice magnetizations m%/° can be evaluated as the limit of the determi-

nant of the corresponding block Toeplitz matrix constructed from (N — 1) x (N — 1)
blocks G, of size 2 x 2:

Gy(~1) Gi(1) . G3—2N)
G.(1) G:(—=1) .. G.(5-2N)
lim (mf)? —s ' ' ' : (2.56)
G:2N —5) G(2N —7) ...  Gy(—1)

At this point we were unable to derive analytical results for asymptotics of the above
block Toeplitz determinants. So we resort to direct numerical calculations for large
finite-size matrices. The results for spontaneous magnetization are given in Fig. 2.8.
The numerical values of the parameters we present in that figures are stable in the
fourth decimal place for the M x M matrices of sizes M 2 30. In immediate vicinities

of the critical points the order parameters are checked to decay smoothly as M — oo.

We checked that the numerical results obtained from (2.56) agree with two available

analytical limits at h, = 0,

he =0+ mS=m’=m, (2.57)
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For § = 0 the result is due to Pfeuty [117]:

2
2o = VA -m)YY k<1 2.58
m; th( )] (2.58)

For the h = 0 case the order parameter can be obtained by combining the result of
Pfeuty and the duality transformations (1.28) and (1.29), yielding [35]
(v = %)

m? =2 [(1+7)2_52]], J <. (2.59)

The analytical results (2.58) and (2.59) can be obtained from (2.56) by the brute force
calculations utilizing Szego’s theorem [118], but those calculations are quite demanding,

see next subsection for details.

The Expressions for m,, are obtained along the same lines. Numerical values satisfy

useful relation m,(—v) = m,(v), see Fig. 2.8.
2.2.3 Nonlocal string orders

Using Majorana string operator (2.49) one can define the even and odd string operators
[36]
m 2m
Oge(m) = H[ib2l—1a2z] = H Ty (2.60a)
=1 n

m 2m—+1
[

Ouo(m) = [ [libuazsa] = ] ot (2.60D)
n=2

=1

The even/odd SOP’s O, ./, are introduced as
0%y = lim  [(Op4(m)O0g4(n))l, (2.61)

(n—m)—o0

where we used the symbols { = z,y and § = e, 0.
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From Egs. (2.60a) and (2.60b), Eq. (2.61) can be evaluated as the limit of deter-

minants:
GT(-1) GT(1) .. GF(1-2N)
GT(1) GF(-1) ... GF(3—2N)
]\}gllw O:v e/o (262)
GF¥(2N —-3) GT(2N =5) .. G¥(-1)

Those even and odd SOPs are numerically calculated from the determinant of the

ordinary N x N Toeplitz matrix (2.62).

To probe additional nonlocal orders we utilize another pair of string operators [36]:

m 2m+1
= H[—iazlb2l+1] = H oh, (2.63a)
=1 n=2
Oyo(m) = H —iag-1by] = H oy (2.63b)

=1
The corresponding SOPs are defined similarly to (2.61) and are numerically calculated

from the following N x N Toeplitz determinant:

GT(1) GT(-1) GT(3—-2N)
GT(3) GT(1) GT(5—2N)
ngnoo o: cjo (2.64)
GF(2N —-1) GF(2N -3) .. GT(1)
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In the limit of h = h, = 0 the above determinants can be evaluated exactly by the
standard technique [118], reproducing the earlier results for nonvanishing O, /e, ob-
tained form the duality mapping [35]. When h # 0 and h, # 0, we were unable
to derive analytical results for asymptotic of these Toeplitz determinants (2.56) and
(2.62). In the presence of the field, we plot the behaviours of SOPs O, /., in the
Fig. 2.6. We numerically calculated from 2N x 2N matrices with N = 30, 100, 190.
Those parameters we found here represented by solid, dotted, and dashed lines with
respect to respective size the matrices. Those numerical results of SOPs O, /. , shown
in Fig. 2.6 are found to die off in the thermodynamical limit N — oo, and thus those
quantities O, /e, are not proper order parameters in the presence of magnetic field.

So, we will further discuss the O, ~ O, 4.0, In addition to (2.60a), (2.60b), (2.63a),

h =03, 5 =0.6
h,=0.1,% =0.53

.......
e ws
........

Figure 2.6: SOPs O, /e, are numerically calculated along v axis from the 2N x 2N
matrices with N = 30,100,190 at § = 0.6, h, = 0.1, and h = 0.3. Even/odd and z/y
components of string order parameters are drawn. Magnitude of order parameters in
all phases are not saturated and finally die off in the thermodynamical limit N — oc.
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and (2.63b) we define another string operator
H zblal H s (265)
I=1

n=2

and the related string correlation function in the Toeplitz determinant form:

(ibLaL) <ibLaL+1> (ibLaR>
<ibL+1aL> (ibL+1aL+1) <z'bL+1aR>
<H[iblal]> - < I] af> - ' ' (2.66)
=1 n=2 . . .
<ibR(IR> <ibRaL+1> <ibRaR>

Inside the circle |h| < h'?) this string correlation function is found to be oscillating
with the period of four lattice spacing, see Fig. 2.7, so we will label it as /2 phase to
distinguish it from the positive ”ferrimagnetic like” string correlation function in the

paramagnetic phase |h| > hH

We will need three parameters to account for the string order:

R
hm 9..(L,R) = hm <H ibjay] > (2.67)
1=1
<_1)m0217 L= ]-7 R = am,
=4 (=1)"02,, L=2 R=2m, (2.68)
(~1)™L02%,  L=1, R=2m+1lorL=2 R=2m+]1.
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h<p?

h>pD

Figure 2.7: Visualization of the modulation of the string order parameter O, inside
the circle (|h] < h?) ) on the phase diagram shown in Fig. 2.1 vs ”plain” behaviour of

O, in the paramagnetic phase |h| > hY.

The reason for this is that due to the dimerization ¢ and the staggered field h,,, the value
of the string correlation function depends not only on the length of the string, but also
on whether its ends L/R are sitting on the even or odd sites of the chain. The explicit
matrix form (2.66) with elememts G*(i — j) can be written as the block Toeplitz ma-
trix, similar to (2.56). Four-site periodic oscillations of the string correlation function
inside the circle indicates periodicity of the orientations of o, spins along the string, or,
alternatively, the modulation of fermionic density around the half-filling. In the FM
phase (see Fig. 2.1) the O, string correlation function vanishes at large length, while
in the paramagnetic phase |h| > AV it is positive, showing only quite trivial ”ferri-
magnetic” oscillations synchronized with the staggered field. Qualitatively, it indicates
that all o, spins in the string are polarized along the field, or, in terms or fermions,
the latter have concentration above half-filling. In the limit h = h, = 0 the SOPs will

be discussed in section 2.3.
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Figure 2.8: Spontaneous magnetization m,, and modulated string order parameter
O, numerically calculated from 2N x 2N matrices with N = 70. (a)-(d) Paths 1-4
on the phase diagram shown in Fig. 2.1. The spontaneous magnetizations are the
averaged values of the even/odd componants (2.48) (not shown), while the modulated
string order parameter O, is the average value of the three parameters O, ;, shown
in the insets. In the phases with local orders m,, the string order parameters O, ;
vanish, while in the disorder phase h > hﬁ” they are nonzero, but physically trivial
(not shown). The exact values of the critical parameters hgl), hf(;z), and 7, (shown by
arrows) are calculated from Eqs. (2.16) and (2.17). Nonvanishing small tails of the
order parameters seen in the immediate vicinities of the critical points are the finite-
size effects, checked to die off as N — .
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2.2.4 Winding number

It has been shown in the recent years that many quantum phase transitions with
hidden orders are accompanied by a change of topological numbers [4,27]. Here we
calculate the winding number (or the Pontryagin index) in all regions of the model’s
phase diagram. Such parameters were calculated recently in similar 1D models, see,

e.g., [35,73,74,100-103].

By a unitary transformation the Hamiltonian (2.9) can be brought to the block

off-diagonal form

0  D(k)
Hip =1 _ (2.69)
D (k) 0
with operator
D(k) = A(k) + B(k) (2.70)

which has two eigenvalues

1 12
M) =+ [1 2R 0% — 42 4 (1— 62 +~%) cos 2k — 2i7sin2k] . @m)

In one spatial dimension the winding number defined as [104]

1 A
N, = — dkTr[0y In D] (2.72)

271 BZ

can be readily calculated for this model as

N = == argAs (k) + A_(k)|

2.73
271 ( )

EENE]
ool

The result for N, are given on the ground-state phase diagram in Fig. 2.1. N, can be

viewed as a complementary parameter characterizing a given phase. The disordered
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(PM) phase and the magnetic phases where conventional local order m,, exists, are
topologically trivial, N, = 0. The phase inside the circle where modulated nonlocal

string order parameter O, exists, is topologically nontrivial N, = 1.

2.3 Dimerized XY chain

When we turn off the magnetic fields (h = h, = 0) in the model (2.1) and restrict
ourselves to two relevant perturbations (9, ), pertinent to other systems considered in

this work, the spectrum (2.12) of the model becomes [107, 108]

EL(k) = \/C082 k+ (5 4+7)2sin®k (2.74)

with the gap
A=|y£dl| (2.75)

Now we utilize the nature of order and symmetry changes on the lines of the quantum
phase transition v = +4§ on the parameter plane (d,~). We utilize the duality transfor-
mations (1.28) and (1.29) on the Hamiltonian (2.1). It maps onto two even and odd
dual Hamiltonaians (2.4a) and (2.4b). In this limit symmetry-breaking Hamiltonain

(2.4c) vanishes since it is the function of magnetic fields.
2.3.1 Local and string order parameters

Since the Hamiltonian (2.1) at h = h, = 0 maps onto the sum of two even and odd
dual Hamiltonians (2.4a) and (2.4b) via duality transformations (1.28) and (1.29), then
order parameter of direct lattice can be translated onto dual lattice. On the dual lattice
these Hamiltonians (2.4a) and (2.4b) are equivalent to Quantum Ising Models (QIM).

According to the classical results [96,117] for the 1D Quantum Ising chain with the
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Hamiltonian
N

H =Y [Jr'rh, + h7]], (2.76)

i=1
the model is disordered at A = J/h < 1, while the long-range order m, # 0 appears at
A > 1. The order parameter is obtained from the correlation function:

lim (i) = (<1)/(1 = A7) = (=1)'m] (2.77)
— 00

From the comparision of the Hamiltonians (2.4a), (2.4b), and (2.76) we see that if

As > 1, where
1+vF0

/\e/o =

then 7% is ordered on either even or odd dual sublattices. So we should distinguish
between the even and odd SOPs defined on the sites of the even and odd dual sublat-
tices, respectively. As one can see, the SOP defined by equation (1.38) is even and we
will denote it by O, from now on. To define the odd SOP (O,,) we can take m = 2
and n = 2l 4+ 1 in equation (1.36), then O,, is given by equation (1.38) where the
correlation function on its rhs is now (7{'73, ;). Using the above formulas the even and

odd SOPs can be calculated exactly:

1/8
o1/4 (L) t- >0
Om,e/o = (LFt)? T (279)
0 t+ <0
where we denote

Let us now calculate the y component of the SOP. The duality transformation (1.28)

and (1.29) with interchange x <+ y map the Hamiltonian (2.1) again onto a sum of two
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even and odd Quantum Ising Model (QIM) Hamiltonians:

N/2
1
He = S A=+ 0y o+ 1+ —0)7 (2.81a)
=1
N/2
H :1 1—~ =077 id 1 Nty 2.81b
0= 7 ( v Vo1 Toper + (L+y +6)75_4 (2.81Db)

=1

Following the same steps as above we easily find:

0 te >0

Oyefo = (2.82)

O:p,e/o(_tq:) t:F § 0
We show the phase diagram of the dimerized XY model in Fig.2.9. The phase bound-
aries in the Fig. 2.9 are in agreement with parabolic lines of Fig. 2.2 in the limiting
case h = h, = 0. Two lines of quantum phase transitions v = +4 divide the parameter
plane into four regions denoted by A-D. For each region we indicate nonvanishing order

parameters with characterize different phases located there.

The next important step in our analysis is to establish relation between the con-
ventional long-range order with local order parameter(s) and the nonlocal (topological)
SOPs. Using the duality transformation (1.28) and decoupling the dual Hamiltonian
into the even and odd terms, we find the magnetization m, of the spins of the original

Hamiltonian (2.1) as:
m? = lim {ofof) = lim (575 (775, _,)) (283)
—00 l—00
The y component of the magnatization can be treated in a similar way, so we get

Mo = 00,000, a=1z,y (2.84)
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Figure 2.9: Phase diagram of the anisotropic dimerized XY chain. Nonvanishing string
and local order parameters, topological winding numbers are shown in four sectors A,
B, C, D of the (§,v) parametric plane. The violet/red lines 7 = +¢ are the lines of
quantum phase transitions (gaplessness).

As we see from the model’s phase diagram in Fig. 2.9, the even and odd SOPs are
mutually exclusive in the region B and D. Those are the regions without conventional
local (Landau) order. The phases in the regions B and D possess only a nonlocal
(topological) order which is quantified by the SOP. As we conclude from the dual-
ity mapping, the dimerized XY model (2.1) possesses the hidden Zy Q) Zs symmetry
which was also noticed earlier in various spin chains and ladders [30]. In the present
analytically solvable model the origin of such summetry can be easily traced to the Z,

symmetry of the even and odd Ising models (2.4a) and (2.4b). Nonzero even SOP O, .
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and the odd SOP O, , in the sector B and D are due to spontaneous breaking of the
Zs symmetry in the even (2.4a) or (2.4b) sectors of the dual Hamiltonian respectively.
These SOPs signal appearance of the spontaneous ”dual” magnetization (77) or (77).
We have to emphasize an important issue: since mappings of the original model (2.1)
onto the dual models (2.4a), (2.4b) or (2.81a), (2.81b) are results of the different dual
transformations, the analyses in terms of the SOP O, or O, are complimentary, and

the order parameters O, and O,, even if they both are found to be nonzero in some

parts of the phase diagram should not be understood as coexistent.

In this case the hyperbolic phase boundaries shown in Fig. 2.2 reduce to two
lines v = 44 [35], and nonvanishing SOPs O, ; are localized inside the cone 6 > ~2.
When § > 0 the only surviving component of 4-periodic string correlation function is
O.,1. Similarly, when ¢ < 0 then only a component of string correlation function O, ,
survives. Here the averaging of the even and odd strings decouple, and SOPs O, ; can
be found in a simple form. The values O,/ ./, inside the cone 62 > ~? are available [35]
yielding

O.1 ) (62—~ qus [ 9(9)
0., ) V2 [(1+=£6)> — 7 9(—0)

(2.85)

We have checked the agreement between the analytical result (2.85) and the numerical

evaluation of the determinant (2.66).

We conclude from equations (2.79) and (2.82) (see also Fig. 2.9) that contrary
to common belief, the even and odd SOPs can coexist. In the region A of the phase
diagram which corresponds to 4* > 62,7 > 0 both even and odd SOPs O, ./, are
nonvanishing, and then, as follows from equation (2.84) the local order (magnetization)
m, # 0 appears in the original model (2.1). Similarly, when 2 > §2,v < 0 (region C of

the phase diagram), the magnetization m, # 0. The appearance of the local order, or,
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equivalently for this model, the coexistence of the even and odd SOPs are the results
of the spontaneous Zs Q) Zy symmetry breaking simultaneously in both even and odd
sectors of the dual Hamiltonian. From equations (2.79),(2.82), and (2.84) we find the

numerical values of the local order parameters:

,}/2 _52 1/8
2

P (2.86)

ma () = my(—7y) = \/5([(1

In the limit 6 = 0 the above equation concides with the result of Barouch and McCoy

[96].

Another useful limit of the model (2.1) is h = h, = 7 = 0 when it becomes a
dimerized X X chain. This model does not have local long range order, and its phase
diagram can be read from the line v = 0 in Fig. 2.9. The topological order in the
phase 6 > 0 or § < 0 is characterized by a pair of mutually exclusive SOPs O, , and
Oa.e (we can choose a = x or @ = y ) seperated by a quantum critical point 6 = 0

where all SOPs vanish. From equations (2.79) and (2.82) we find

5 1/8
_ O _ ol
Opo =00 =2 ((1 5)2) . 6>0 (2.87)

The magnitudes of the SOPs are symmetric with respect to § and O, (0) = O, ,(J) =
O..0(—0) for 6 < 0.

If we define the primary order parameter as the one which is nonzero exclusively
for a given phase, then we can identify m, and m, as the primary order parameters
for the magnetized phases residing, respectively, in the sector A and C of the phase
diagram. The topological order of the phase B and D is characterized by the pair
of the primary (string) parameters O, . and O,, for the choice (1.28) and (1.29) of

the dual transformation. (If we swap = <> y, we end up with the dual representation
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where the primary order parameters are O, . and O, ,.). The overlapped even and odd
SOPs: O, ; Oy, and O, ,; O, . in the region B and D of the phase diagram (see Fig.
2.9) signal the appearance of the z-string order parameters O, ; and O, , respectively.
These parameters O,; and O, given in (2.85) are found to be oscillating with the

period of the four lattice spacing.

From behaviour of the gap (2.75) and the primary order parameter ( see (2.79),
(2.82), and (2.86), whichever applicable) near the lines v = £§ of the quantum phase
transition we find the critical indices of he order parameter 5 = 1/8 (see its definition
below equation (2.79) and of the correlation lenth v = 1. (The latter can be read from
the gap equation (2.75) since £7! oc A o [t]¥). So the critical behaviour of the model
on the phase boundaries belongs to the 2D Ising universality class as it must, since the

Hamiltonian (2.1) is equivalent to free fermions.
2.3.2 Topological winding number

We also calculate the winding number in all regions of the phase diagram (2.9) of model
(2.1) at h = h, = 0. Following same steps as explained in section 2.2.4, we have two

eigenvalues

+A(k) = i\/l + (62 — 42 — 1) sin® k — iy sin 2k. (2.88)

Note a useful relation between the eigenvalues of operator D(k), Di(k) (see equation

(2.70) for D(k) in the limit h = h, = 0) and the spectrum (2.74):

B (k)E_(k) = (k)N (k) (2.89)
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In one spatial dimension the winding number defined as [104]

NT = ﬁ . dkTr[0xIn D — 9),In D] (2.90)
can be readily calculated analytically for this model. We calculate the winding number
in all four regions of phase diagram in Fig. 2.9. To make a connection between the
definition (2.90) and a more intuitive definition of the winding number let us introduce
a two-component unit vector n(k) = (n1(k),n2(k)) constructed from the spectrum

of the model. The eigenvalues (2.74) allow us to define two unit vectors with the

components

ni(Ex(k)) = cosk/EL(k) (2.91a)
ne(Fy(k)) = (0 £v)sink/EL(k) (2.91Db)

which can also be related to Bogoliubov angle e = n; (k) +iny(k). (For the definition
of Oy see, e.g., [119]). The winding number is defined as [4,29]
2
Ni=——Y" / dke;ni(Bx(k)on, (Fx (k) (2.92)
BZ

ij=1

counts the number of loops wrapped by a unit vector around the origin while the vector

spans over the Brillouin zone. One can show that the definition (2.90) yields
1. .
N, =N_—-N, = 5[51gn((5 — ) — sign(d + 7). (2.93)

The topological number N, accounts for the 'relative’ winding of two normalized eigen-

values of the Hamiltonian. We find the winding number N, which adds up the loops
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made by each of eigenvectors more convenient for various applications:
1. .
N,=N_+ N, = 5[51gn((5 — ) + sign(d + v)]. (2.94)

As one check from equations (2.93) or (2.94), both topological numbers change by +1
on the phase boundaries v = +4, signalling the phase transition. We choose N,, as
a complimentary topological order parameter characterizing a given phase, since its
behaviour is in accord with the standard wisdom: as one can see in Fig. 2.9, N, =0

in the topologically trivial regions where a conventional local order exists.
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To summarize

In this chapter, the dimerized XY chain with uniform and modulated transverse
fields is studied. In order to solve the model, the fermionization of the spin Hamiltonian
was done via the JW transformation. Its fermionic representation is in the form of
dimerized Kitaev chain with modulated chemical potential. Using Fourier transform,
it is represented as a single particle Hamiltonain with fermions residing on even/odd
sites of lattice, unified in the form of spinors. We found four eigenvalues, gap, criticality,
and phase boundaries. It has rich phase diagram (see Fig. 2.1) which also includes
the incommensurate phase (IC) in its isotropic limit. We calculated the field-induced

magnetizations and susceptibilities in the parametric space (see Figs. 2.3 and 2.5).

To deal with conventional (local) and nonlocal (string) orders, we found two eigen-
vectors ® and ¥ by applying the Bogoliubov transformation to the single particle
Hamiltonian. From those eigenvectors, we obtained the explicit expression for the cor-
relation function of Majorana operators at zero temperature. By definition the local
and nonlocal orders can be expressed in terms of block Toeplitz matrices with Majo-
rana correlation functions as matrix elements. At this point, we could not derive the
analytical results for the asymptotics of the block Toeplitz determinant, so we restore
to direct numerical calculations for a large-finite size matrices. The results for sponta-
neous magnetization m,, and string order parameters O, are plotted in Fig. 2.8. In
the topological phase, the string correlation function is found to be oscillating with a
period of four lattice spacing. It appears to be vanishing in the FM phase for large
length and it quickly saturated in the PM phase (see Fig. 2.7 for detail). We probed
additional nonlocal order parameters SOPs O, /., in the form of Toeplitz matrices and
numerically calculated them in the topological, FM and PM phases. Numerical results

showed that all SOPs O, /., are not robust at h # 0 and h, # 0 for the matrix size
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N = 30,100, 190 as seen in Fig.2.6 and they ultimately die off in the thermodynamical

limit N — oo.

In addition, we have calculated the winding number N, in all phases. The dis-
ordered PM phase and A(FM) phase with trivial conventional local order parameters
are topologically trivial, N, = 0, while the phase with the modulated string order has
N, = 1.

In the zero field limit h = h, = 0, the hyperbolic phase boundaries shown in
Fig. 2.2, reduce to two lines v = +4 as in Fig. 2.9. In this limit, by utilizing the
duality transformation, the model is mapped onto two 1D QIMs residing separately
on even and odd sites of the dual lattice. The SOPs of the original chain are mapped
onto the local order parameters of the dual lattice and thus calculated exactly. The
phase diagram of the model contains topologically trivial phases where the even and
odd SOPs (O;.,0;,; § = x,y) coexist along with the conventional long-range order
(magnetization). There are also topologically nontrivial phases without magnetization,
where even or odd SOPs are mutually exclusive. In addition to the exclusiveness of x,y
components of SOPs, the oscillating z-component of SOPs (0,1, O, ) are obtained

from the overlapping of O,/ /., with the period of four lattice spacing.
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Chapter 3

Modulated Dimerized XY Z Chain
with Magnetic Field

In this chapter, we study the dimerized XY Z antiferromagnetic spin-1/2 chain in
the uniform and staggered transverse magnetic fields. In order to solve the model
we use standard methods such as the JW transformations and Hatree-Fock (HF) ap-
proximation (also called the mean-field approximation). Using such methods the spin
Hamiltonian of the chain maps onto the quadratic effective fermionic Hamiltonian. To
characterize the different phases of the model’s phase diagram we obtain energy gaps,
induced magnetization, local (spontaneous magnetization), nonlocal (topological) order
parameters and winding numbers. We numerically calculate and illustrate the detailed
analysis of patterns of the string order. We calculate the mean field parameters and
study the fermionic filling in the interacting and non-interacting chains. Finally, the
role of interaction on the phase diagram, and order parameters will be analyzed in the

isotropic X X Z model.
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3.1 Model

3.1.1 The Hamiltonian, spectrum and phase diagram

In this subsection we define the model and discuss its ground-state properties. The
spin Hamiltonian of the dimerized quantum XY Z chain in the presence of uniform (h)

and staggered (h,) axial magnetic field is

3
¥

4 [(1 + (_1)715)( n n+1 + 0n0n+1 + AO_nO—n-‘,-l)

H o+ (1)) (050541 — okot)] + 5[+ (<)o, (3.)

where o-s are the standard Pauli matrices. The chain has bond alternation with pa-
rameter [0 < 1. We also allowed the zy anisotropy v to be modulated with ~,. In this
model, we consider the antiferromagnetic (J > 0) model at zero temperature. In the
absence of anisotropy (v = 7, = 0) the model (3.1) becomes XXZ chain. In the case
of 6 =0 and A = 1 the model (3.1) is XXX chain, called Heisenberg model.

The model (3.1) is not solvable in general, the exact solutions based on the Bethe
ansatz, are available only for some special cases. For the historical references of the
isotropic X XX model with zero field, see paper by Yang and Yang [120], for more
comprehensive reviews of the available exact results see, e.g., Refs. [111,118,121], and
for the most recent account of integrability and more references, see Ref. [122]. The
standard JW transformation (1.1) maps (3.1) onto the interacting fermionic Hamilto-

nian

l\DIk

D™ | (¢l cpyr + hec) + 2A< ;) (CL+1CH+1 — %)}

n-3-50

n=1
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P2 (e + )+ (b ()R (e —5) (32)

In the noninteracting limit A = J,./J = 0, the model (3.1) is exactly solvable. The
ground state properties of this model were analyzed in chapter 2. The most recent
comprehensive analysis of the ground-state phase diagram of the model at A =, =0
and its local and nonlocal order parameters are given in Ref. [37]. It turns out that
introducing alternation of anisotropy 7, does not change the results [37] qualitatively,
resulting in some minor modifications which we present below. The noninteracting
results are used in the subsequent analysis of the case A # 0. We will always assume
|7al < |7| and from now on we set J = 1. We also modify for further convenience the

hopping term of the Hamiltonian (3.2) as
1+ (=1)"— t+(=1)"0. (3.3)

In this section we present generalization of results of chapter 2 [37] for v, # 0. We set
the lattice spacing a = 1 and restrict wave numbers to the reduced Brillouin zone (BZ)
k € [-m/2,7/2]. The band index a=1 and 2 serves to map the Fourier-transformed

JW fermions from the 27 BZ onto the reduced zone as
c(k) = c1(k)I(n/2 — |k|) + co(k — 7). 9(|k| — 7/2), (3.4)

where J(x) is the Heaviside step function. Then the coordinate representation of the

JW fermion reads as

Cp = \/LN Z co(k)(—1)l@Dngikn, (3.5)
a,k
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The Hamiltonian (3.2) at A = 0 can be written as
1
H= > ULH(k) Y, (3.6)
k
where the fermions are unified in the spinor

Ul = (cl(k), ch(k), cr(—k), ca(—F)), (3.7)

A B
He=| _ ) (3.8)
Bt —A
where
R h+tcosk hg+idsink
A= (3.9)
h, —id0sink h —tcosk
and

R —iysink —~,cosk
B=|" ! . (3.10)
YaCOsk  iysink

The Hamiltonian has four eigenvalues [63] £ E., where

E(k) = \/ Eo(k) £ /€3 (k) — Eulk) (3.11)

with
(k) =h* + 12+ (P +72) cos’ k + (62 + %) sin’ k (3.12)

2
Cu(k) = <h2 — hZ — (t* —42) cos® k — (6% — 7?) sin® k:) + (ty — 074)*sin® 2k (3.13)
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The phase diagram of the model [63] shown in Fig. 3.1, is found from the condition
¢y(k) =0, (3.14)

for the critical lines, where the model becomes gapless. There are three phase bound-

aries:

(i) At £ with

h) = 12+ 12 =12, V7., (3.15)

the gap vanishes at the center of BZ (k = 0).

(ii) At the edge of the BZ (k = £7/2), the gap vanishes on the circle
h? 4+ ~% = h2 + 6%, (3.16)

which we will associate with the critical field h((?).

(iii) Two critical line segments at v = 0 (7, = 0) correspond to the gap vanishing

at the incommensurate (IC) wave vector

: [t?2 + h2 — h?
kp = tarcsin@, Q= SR (3.17)

which corresponds to the Fermi momentum (A = 1) of the JW fermions. The IC

solution exists in the range of parameters v =+, =0, |§| < 1, and

VRZ T2 < |h| < 2+ 2. (3.18)

The Fermi momentum (3.17) varies continuously from kr = 0 at the intersection of

v = 0and h = £./t>+ h2, to kp = 7/2 where the critical segments end at the
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intersections with the circle
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Figure 3.1: Phase diagram of the model in h-vy plane (v, = 0). The model is critical
on (i) two infinite lines 7 = +h{" (bold blue); (i) circle h2 +~2 = R? (bold red): and
(ili) two segments h? < |h| < hY along v =0 (bold green). Three phases are shown:
disordered paramagnetic (PM) polarized by the axial field, planar antiferromagnetic
(AFM) with local order parameters m,,, and topological O,(m/2) with oscillating
string order. The four paths (1-4) in parametric space are indicated by thin lines.
The winding numbers N, calculated in Sec.IV are shown. The bold phase boundaries
are calculated for interaction A = 1/2 while their dashed counterparts correspond to
noninteracting case A = 0.
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3.1.2 Spin and Majorana averages

Differentiation of the free energy with respect to h and to h, yields two magnetizations

a __ 1 Y n/ _z
mz_N;(_l) <On>7

respectively. Their explicit expressions are

[ e e I

and

he [27/ 1 1 |w? + 92 cos?k /1 1
T=—= — + = “ — — — ) |dk
e 7r/0 [(E++E_>+ R (E+ E_)]

We define auxiliary parameters:
w=h+iysink,

Wq = hg + 10 sink,
Z = wWw, — tY, cos’ k,
¢ = (ht + hqva) cos k,

R=+/c+ |z|%
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(3.20)

(3.21)

(3.22)

(3.23a)

(3.23b)
(3.23¢)
(3.23d)

(3.23e)



The Hamiltonian matrix (3.8) is diagonalized with the help of two unitary 2 x 2 matrices

® and ¥. We find

. e~ .
B(k) By 5
—B- e’py
where
o —
|2|
and

o )"

The second matrix of this Bogoliubov transformation is calculated as

A

U =I;'®(A-B)
where Iy = diag(E,, E_). We introduce the Majorana fermions as
a, + b, = QCL.

From the matrix

N A

G(k) = U (k) (k).
We find the correlation function of the Majorana operators:

1
2T

(ibnay) = / ' (Gn(k) n (—1)"Glz(k))eik<m—”>dk

—T

where the matrix elements are:

pr B

) 1 1
Gi(k) = (tcosk + w” {— + —} + (wa — Yacosk)e B4 B {E_ -5

B, ' E_
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(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)



1 1

} + (tcosk +w*)e B, - {— — —} (3.31D)

L
B, E_

G12(k) = (wg — Yq cOS k) {E_ z
+ —

All the above formulas recover those of the model described in chapter 2 in the limit
t — 1 and 7, — 0. The correlation function (3.30) is a building element of Toeplitz de-
terminants [79] used to calculate local order parameters (magnetizations) and nonlocal
SOPs. Addition of v, # 0 only slightly numerically modifies positions of boundaries
on the structure of the phase diagram, the nature of its phases, and order parameters

essentially the same as presented in previous chapter and in our work [37], see Fig. 2.1.

3.2 Mean-field equations

The mean-field theory for the XY Z chain is in fact the Hartee-Fock approximation for
its interacting fermionic representation (3.2). We use the most general decoupling [89]

for the interacting term with a product of two number operators (n; = cchl) as
AT 22 7 (T} + T () — () () + €l em (il + Hoc. + |{ech)[?

+elel (emer) + Hoe. — |{ciem)]?. (3.32)

Such approximation applied to the Heisenberg chain is known from the literature to be
accurate, at least qualitatively, see, e.g., [89,90,92-94]. One cannot expect the mean-
field approximation to furnish, e.g., correct critical indices to identify the universality
class, but predictions of model’s phase diagram and order parameters are qualitatively
correct. Since 1D is a realm of strong fluctuations, special care needs to be exercised
while dealing with the mean-field predictions for phase boundaries (critical points).

They need to be cross-checked against available exact results, as we will explain below.
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We introduce the following mean-field parameters:

<CnCL+1> =K+ (=1)"dn, (3.33a)
(CnCny1) =P — (=1)"0mp, (3.33Db)
(1—2cle,) =m, + (=1)"m2. (3.33¢)

Using decoupling (3.32) and parameters (3.33a), (3.33b), and (3.33¢) in Eq. (3.2), we

obtain the approximate mean-field Hamiltonian
1
H = Hyr = NAC + > wiH (k). (3.34)
k

The renormalized Hamiltonian H (k) is given by the same expressions as for the nonin-
teracting case (3.8), (3.9), and (3.10), with the difference that the six bare couplings of

the free-fermionic Hamiltonian are replaced by the renormalized parameters as follows:

h+ hgr =h— Am,, (3.35a)

ha ¥ har = ha + Am?, (3.35b)
testg =1+ 2A(K + 6%n), (3.35¢)
5 6 = 6(1+2A(K + 1)), (3.35d)
v r =7 — 2A(P — §°n,) (3.35¢)
Ya F* YaR = Ya — 2A0(P — 1), (3.35f)
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and the constant term is

1 1
C=K*-P— Zmz - Z(mg)2 +6%(n® — np + 2Kn + 2Pn,). (3.36)
Contrary to the model’s bare parameters of choice, the renormalized coupling (3.35a)-
(3.35f) are to be found from a set of six self-consistent equations obtained from mini-

mization of the free energy. The latter is calculated from the Hartree-Fock Hamiltonian

Hr(k). Using (3.33a), we find equations for the bond average

tr [T 1 1 hh+~2gpcos’k /1 1
K= dk 2k|:_ _ R aR (___)
or f, SRR TR T R E, E_
537}{’)@}3 SiIl2 k( 1 1 )]
e 3.37
+ tRR E+ E, ( )
and for the dimerization susceptibility n
op 7" . 1 I |w?/ 1 1
on =2 | dksin® k| + — + 2 (= )
M= op f IR E T E TR \E T B
tR’yR")/aRCOSZk< 1 1 >]
— ——. 3.38
TSR \E, B (3:38)
From (3.33b), we obtain equations for the anomalous pairing amplitude
2m 2
IR .2[1 1 |wa|<1 1>
pP=— dk El—+—+——(—=—— —
o ), IR E T E YR \E T B
trORYa ks 1 1
 LRORYar CO8 (_ _ _)} (3.39)
'}/RR E+ E_

and for the anomalous susceptibility

2T 2 2 2

YaR 5. 1 1 hip +thcos“k /1 1
Sny = — dk k;[— — (_ - _)
- /0 oSHE TE T R
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Figure 3.2: Representative behaviour of mean-field parameters (3.37)- (3.40) calculated
for interaction A = 1/2. (a) shows results along the path 1 on the phase diagram in
Fig. 3.1. (b) corresponds to path 3. In addition, (a) presents results along the line
v = 0.
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The uniform and staggered magnetization (3.33c) satisfy Eqs. (3.21) and (3.22)
with their right hand sides written in terms of the renormalized couplings (3.35a)-

(3.35f). In the following, we choose the bare coupling 7, = 0.

The mean-field parameters (3.35a)-(3.35f) are fundamentally important for calcula-
tion of the phase diagram, the local and nonlocal (string order) parameters in different
phases. The representative numerical results for these parameters are shown in Fig.
3.2. Note that anomalous average P and 7, are not the true (superconducting) order
parameters signalling spontaneous breaking of U(1) symmetry. This symmetry is in-
trinsically broken by model’s anisotropy coupling 7, 7,. As one can see from Fig. 3.2b,

in the symmetry-restoring limit ~, v, — 0, the anomalous average parameter vanish.

3.3 Results for XYZ chain

Before we proceed to explore predictions of the derived mean-field equations, let us
first understand qualitatively possible outcomes. The way the mean-field theory is
constructed, i.e., by switching to the renormalized couplings (3.37)-(3.40), makes it
obvious that the interacting model has the same spectrum as in Eq. (3.11), but with
renormalized parameters. Thus we obtain the same phases and their order parameters,
conditions for the phase boundaries (gaplessness), etc., as described above for the
case A = 0, proviso that all bare couplings are renormalized in appropriate formulas.
Within present theory, no new phase with a new order parameter, other than presented

on the phase diagram in Fig. 3.1, can occur.

Interactions, however, can bring about additional nontrivial solutions of the mean-

field equations for the normalized parameters, like, dimerization, anisotropy, uniform
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or staggered fields/magnetizations, even when their bare counterparts are zero. That
would constitute the case of spontaneous symmetry breaking associated with a phase
transition. As one can see from Fig. 3.2b, the anomalous average parameters vanish
in the limit XY Z — XXZ. We did not find numerical signs of spontaneous breaking
of the U(1) symmetry (superconductivity) at A # 0. Neither we found spontaneous
dimerization when bare 6 = 0. This is in agreement with available results for the XY Z
and X XZ models [111,121,123,124]. However, it is known from exact results that
A = +£1 are critical points of the antiferro-/ferromagnetic phase transitions in the X X 7
model [111,121]. In the XY Z chain (y # 0) spontaneous antiferro-/ferromagnetism
appears at |A] > 1 [123]. To stay on the safe side and to avoid dealing with the
interaction-induced magnetism in the results which follow, we will assume the regime
of weak interaction |A| < 1 in this section. The strongly interacting regime |A| 2 1 is

discussed in subsection 3.4.2 for the X X Z chain.

The phase diagram of the model is shown in Fig. 3.1. Overall, the mean-field results
in this regime are qualitatively similar to the noninteracting (A = 0) case of previous
chapter. The PM-AFM boundary (3.16) gets modified by interactions. It is not a
straight line anymore. The value for critical field AV is available only numerically.
However, its maximum value reached in the X X7 limit is found exactly from our

equations:

vy=0: h{V=A+\/1+h2 (3.41)

in agreement with earlier scaling results [124].

The topological phase with oscillating string order is located inside the circle on
the phase diagram in Fig. 3.1. Quite amazingly (in the view of complexity of the

six coupled mean-field equations), interactions only change the radius of the circle R,
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Figure 3.3: Radius of the circle enclosing O, (7/2) phase in the phase diagram Fig. 3.1
as a function of interaction. The linear fit with the slope a &~ 0.745 is shown.

conserving the perfect shape of this phase boundary. Numerically we found
R(A) = R(0) + aA, (3.42)

where the radius for the noninteracting case R(0) = \/h2 + §2. The linear fit with

a =~ 0.745, shown in Fig. 3.3, works quite well even at A 2 1.
3.3.1 Induced and spontaneous magnetization

First we present the field-induced magnetizations m, and m¢ as functions of the uniform
magnetic field & in Fig. 3.4. Their explicit expressions (3.21) and (3.22) are calculated
at each point with the renormalized couplings on the right hand sides, determined self-
consistently from numerical solution of the mean-field equations given in the previous

section.

The plots for the XY Z chain are done for two cases (see Fig. 3.4). The first case
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Figure 3.4: Two induced magnetizations m, (red) and m? (green) vs uniform field h
at 6 = 0.35,h, = 0.25, A = 0.5 for different 7. At v = 0,m, (solid line) demonstrates
plateaux in the gapped phases connected by a continuous curve through the gapless
IC phase. Similar behaviour is demonstrated by m¢. Dashed dotted lines correspond
to path 1 shown in phase diagram Fig. 3.1. Dashed lines corresgond to the path 2.
The magnetizations show noticable cusps at the critical fields h( (path 2); hc1 and

hg (paths v = 0 and 1), when the paths cross phase boundaries.

corresponds to the path 1 on the phase diagram in the h-y plane shown in Fig. 3.1.
The path crosses the PM-AFM boundary at h = h" and the AFM-O,(7/2) boundary
at h = h?. The magnetizations have noticeable cusps at these critical points, which
correspond to divergent susceptibilities. In case of the path 2, it crosses only the PM-
FM boundary and bypasses the topological phase. The magnetizations demonstrate
cusps at the only critical point hgl), while at h < h((;l) they and their derivatives are

analytical.

The phase diagram in Fig. 3.1 contains two conventional antiferromagnetic phases
with spontaneous planar magnetizations m, and m,. The local order parameter m, is

calculated from the limit of the spin-correlation function which is also the correlation
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function of the Majorana string operators [79]:

R-1
lim (ojop) = lim <H[ibnan+1]> = m2. (3.43)

(R—L)—o0 R—o0
n=L

As we have shown in chapter 2, this Majorana string correlation function is given by the
dererminant of the block Toeplitz matrix constructed from (R — L) x 3(R — L) blocks
of size 2 x 2 with the elements given by Eq. (3.30). For explicit expressions of this
block Toeplitz matrix we refer the reader to chapter 2. At each point in the parametric
space, the elements (3.30) of this matrix are calculated with renormalized couplings
determined from the mean-field equations. The results for spontaneous magnetization
are given in Fig. 3.6. The numerical values of the parameters we present in that figure
are stable in the fourth decimal place for the M x M matrices of sizes M 2 30. In
immediate vicinities of the critical points the order parameters are checked to decay
smoothly as M — oo. The expressions for m, are obtained along the same lines.

Numerical values satisfy useful relation m,(—v) = m,(7v), verified explicitly.
3.3.2 Nonlocal string order

Now we address the topological phase with nonlocal string order inside the circle in Fig.
3.1, first reported in Ref. [37] for noninteracting case. It turns out that the femionic
interaction renormalizes the phase boundary and SOPs, but does not alter the nature

of the order in this phase. To qualify this type of order, we use the string operator

0.(n) = [[ o7 = [ [libia] (3.44)

=1
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Figure 3.5: Visualization of the oscillating string order inside the circle at the point
h = 0.2 on path 1 (Fig. 3.1) for h, = 0.25,5 = 0.35,7 = 0.35, and A = 1/2. (a) shows
D..(1,N) (3.44) with alternating limiting values =02, (blue) and £0?2; (red). (b)
shows ©.(2, N) with similar parameters 02, (green) and £0?2 ;.

and related string correlation function

=L

9..(L,R) = (0,(L —1)O.(R)) = <H[z’blal]> . (3.45)

Following the original proposal by den Nijs and Rommelse [28], the SOP was defined
and detected in the subsequent work on the spin chains, see, e.g., Refs. [31,33,125].
The SOP was defined (up to some minor variations) as the limit of the string-string
correlation function, which is not convenient, since such SOP has a wrong dimension
of square of the order parameter. The definition we use, due to Berg et al. [97], is more

consistent with the standard theory of critical phenomena, and the critical index of
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the (string) order parameter § correctly enters all the hyperscaling relations [35]. The
correlation function (3.45) is calculated from the determinant of the block Toeplitz
matrices, built from elements (3.30). These matrices are given explicitly in previous

chapter.

Inside the circle, ©,, oscillates with the period of four lattice spacings (i.e., twice
the unit cell), see Fig. 3.5. Doubling of the translational period by the string order is
a sign of spontaneous breaking of the hidden Zy ) Z, symmetry. This phase is labeled
as O,(m/2) to distinguish it from the plain behaviour of ©,. in the PM phase. Since

D..(L,R) #®,.(R— L), we need three parameters to account for the string order:

()"0, L=1 R=2m,
9..(L,R) — lim (_1)”%03’2, L=2 R=2m,

R—o0
(-1)™*tt02%,, L=1, R=2m+1lor L=2, R=2m+ 1.
(3.46)

The ordering patterns (3.46) detected from nondecaying oscillations of the string cor-
relation function for a particular parametric point in the O,(7/2) phase, are depicted
in Fig. 3.5. The magnitudes of the SOPs O, ; along different paths on the phase dia-
gram Fig. 3.1 are given in Figs. 3.6a and 3.6¢c. At each point the SOP is calculated
with the renormalized couplings determined from the numerical solution of the self-
consistent mean-field equations. Similarly to the noninteracting case [37], the other

two components of the SOP O, and O, vanish when h # 0 and h, # 0.

The string correlation function ©,, in the PM saturated phase is always positive
and essentially monotonous. For completeness we plot in Fig. 3.6 the PM SOP defined
as limp 00 ©..(L, R) = O
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Figure 3.6: Spontaneous planar magnetizations m, , and modulated order parameters
O.,; numerically calculated from the 2N x 2N matrices with N = 70. The panels
(a-d) correspond to the path 1-4 on the phase diagram shown in Fig. 3.1 (h, = 0.25
and 6 = 0.35). In the AFM phases, m,, # 0 and O,; = 0. In the PM phase
h > hf(;l), O, # 0 and plainly monotonous. The exact values of the parameters seen in
the immediate vicinities of the critical points are the finite-size effects, checked to die
off as N — oo. The special case v = 0 when all SOPs become step-like functions is
shown in (a).
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There are interesting limiting cases of the topological string order. Two alternating
(bare) parameters of the model, h, and 0 generate the topological phase, see Fig. 3.1.
The radius of its boundary R = m. We check from the mean-field equations
that at |A| < 1, har o he and dp o 0, i.e., turning off one of those parameters, turns off
its renormalized counterpart as well. Although the four lattice spacing periodicity of the
string correlation function (3.46) is preserved, its ordering patterns are distinct. There
are often physically interesting situation when there is an alternating component of the
magnetic field (or modulated chemical potential), when dealing with various versions
of the Kitaev-Majorana models (3.2), while the dimerization is absent. Or vice versa,
quite often one is dealing with dimerized models with uniform magnetic field (chemical
potential). We find for the former case,

he = 07 0 7£ 0: Oz,l 7£ 07 Oz 2 = OZ,B = 07 (347>

)

and for the latter,

ha 7é O, 0=0: OZJ = OZ’Q = Ozjg, (348)

These properties hold for the noninteracting case (A = 0) as well as in the presence of

interactions (A # 0). Two cases of the ordering patterns are shown in Fig. 3.7
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Figure 3.7: Visualization of the oscillating string order inside the circle at the point
h = 0.2 on path 1 (Fig. 3.1) with v = 0.35 and A = 1/2 for two special cases.
(1) For h, = 0 and § = 0.35, the string order shown in Fig. 3.5b vanishes, since
0,2 = 0,3 =0, while the order shown in Fig. 3.5a reduces to the pattern (1) above.
(2) For hy, =0.25 and 6 =0, 0,1 = O, = O, 3 # 0, and the patterns shown in Fig.
3.5 become the same, up to a single lattice spacing translation, as shown in (2a) and
(2b) above.
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Note that the case (3.47) applies for the dimerized isotropic (y = 0) Heisenberg
chain without magnetic field. In the SU(2) limit A = 1, the noninteracting result
(2.85) can be improved. The magnitude of the SOP O, was calculated by Hida via
bosonization [33], however the oscillating pattern of the string order shown in Fig. 3.7

was not reported before.

To deal with the string order in a more unified and compact way, we introduce a

new function

Dt (n)=9..(1,n) +D..(2,n) (3.49)
From visual inspection of the patterns shown in Figs. 3.5a and 3.5b one can easily
check that ©F (n) has its ordering pattern similar to the one shown in Fig.3.7(1), i.e.,

lim D7 (n) = cos (gn> o2, (3.50)

n—oo

where

02, =02, +02, (3.51)

From inspection of Fig. 3.7 one can check as well that the special cases (3.47) and

(3.48) can be united under the same pattern of Eq. (3.50).
3.3.3 Winding number

For each phase we also find the winding number. The calculation outlined in Ref. [37],

for the quadratic Hamiltonian (3.8), (3.9), and (3.10) leads to the following result:

N, = ﬁ[ln A (k) +InA_ (k)] 2. (3.52)

2

1 T
7
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where

Ae(k) = h+ [hg 4 (82— 42)cos? k = (62 — 42) sin k
1/2
—i(ty — 67a) sin Qk] (3.53)

are the eigenvalues of D(k) = A(k)+B(k). One can establish an important relation be-
tween parameter €, of the Hamiltonian’s spectrum, defined by (3.13), and eigenvalues
(3.53):

s = AP A (3.54)

A simple comparison of the condition (3.14) for quantum criticality and Eq. (3.54)
leads to the following conclusion: topological winding number (mod 2) can change only
upon crossing gapless phase boundary. Within the present approach, number N, in
different phases of interacting model are calculated using Eqgs. (3.52) and (3.53) with
renormalized couplings. Their values are shown in Fig. 3.1. Only the phase with

oscillating string order is topologically nontrivial, N, = 1.

3.4 Isotropic chain

In this section, we present the results for isotropic XX Z chain, that is the limit
v = v, = 0. It turns out that a considerable progress can be achieved in analyti-

cal treatments, making the outcome more transparent for intuitive grasp.
3.4.1 Noninteracting X X limit (A = 0)

Most of the formulas of Sec 3.1 for free fermions can be brought to a closed form of
standard mathematical functions. The content of this subsection is implicitly present

in the earlier work [37], but the X X limit was not specifically analyzed in that paper.
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The spectrum (3.11) becomes

EL(k)=hx¢ €= \/hg +t2cosk + 62sin’ k (3.55)

€ (k)

eff
A
0

\{

—— N&ii

h< h? W< p<h)

n> mY

Figure 3.8: The effective single-particle spectrum 5eff(k:) in three phases at different
values of the uniform field.

To better understand results of this section, it is convenient to write the ground-

state energy per site

1 27
I — /0 (B, |+ [E_[)dk (3.56)
as
1 [7/?
f= %/—wm Eet (K)dk (3.57)

The effective spectrum eqg(k) is shown in Fig. 3.8 for three phases. From (3.55)
and (3.56), we find the h-independent effective spectrum (k) = —¢ in the topological
phase (h < h,(f)). In the IC gapless phase (h?) < h< hﬁl)), the parabolic spectrum

cet = —& at |k| < kp with the Fermi momentum given by Eq. 3.17), becomes a flat
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band eqz(k) = —h at kr < |k| < m/2. The fermi sea shrinks with the growth of the

field, as shown in Fig. 3.8, and in the PM phase (h > hgl)) the whole band is flat,
663(]{) = —h.

Analytically, we find

—3h, h> he)
f=9 — LBV R2E (ke w2) — 11— 2k,),  he[h h] (3.58)
1/ h2E(K?), h < h?
Here, E is the elliptic integral of the second kind, and
t* — 62
2 _
The uniform magnetization derived from Eq. 3.21
1 1 w/2
m, = -+ —/ sign(E_)dk (3.60)
2 7

or obtained directly from differentiation of (3.58), demonstrates two plateaus in the

gapped phases, connected by a continuous curve in between:

1, h> hY
m. =9 1- 2k, heh? nd (3.61)
0, h < h

The above result is in agreement with the arguments of Ref. [60], the generalizing
the Lieb-Schultz-Mattis (LSM) theorem [79] for nonzero field. According to another

formulation of the LSM theorem in terms of fermions [61] (cf. Eq. (40)], the plateaus
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Figure 3.9: Real and imaginary parts of the complex wave vector k, giving the values of
the fermionic filling per unit cell v, = 2/7k; and inverse correlation length £~ o x for
the three phases. The main plot is done for noninteracting model with h, = 0.25 and
0 = 0.35. The inset shows the same parameters for he interacting case with A = 0.5..

of magnetization correspond to commensurate rational (m/N;m,n € N) fermionic
fillings per unit cell, and the filling can admit arbitrary real values only in the gapless

phase, leading to a smooth evolution of m, € [0,1] at h € [h?, n{V].

To unify and generalize the analysis of phases done in Sec. 3.1 and to directly
relate it to the LSM theorem [61,79], we analytically continue the spectrum of the
model onto the complex plane z € C with z = ¢ [111]. In the isotropic limit, the
eigenvalues Ay defined by Eq. (3.53) become the eigenvalues of the Hamiltonian (3.55),

so the condition of the quantum criticality (3.14) with Eq. (3.54) reads

B4 (2)PIE-(2)]? = . (3.62)
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Using @ defined in Eq. (3.17) and extended to @ € C, we find two roots of (3.62)

2y = et = Ay, with Ay =iQ £ /1 — Q?, (3.63)

The roots Ay encode important information about three phases. (1) In the IC phase
@ € Rand 0 < @ < 1. The roots are complex conjugate Ay = A* and |Ay| = 1. The
wave vectors k1 € R and we can pick k, = k corresponding to the known solution
(3.17). The real wave vector k. defines the period of oscillations of correlation functions
[see Eq. (3.83) below]| and controls the (IC) filling (Fermi level) of the parabolic band
vy = 2/mkg, see Figs. 3.8 and 3.9.

(2) In the PM phase Q = i|Q| is imaginary, and it leads to the imaginary ky =
—11n Ay, see Fig. 3.9:
kF = Reki = O, (364)

and

k=1Imk, = —In(y/1+|Q]*> — |Q]). (3.65)

The nonvanishing imaginary part of the complex root k, gives the inverse correlation
length [111], and it is responsible for the exponential decay of correlation functions
in gapped phases. In the vicinity of the PM transition h — A + 0 : Q] < 1, and
K~ |Q| x <h— h&”) 1/2. The vanishing real part of the root kr = 0 means monotonous

behaviour of correlation functions without oscillations.

Note that probing the correlation length in the limit v — 0 is subtle in the PM (po-
larized) phase. In this case, m, = O, = 1 and m, = m,, = 0. Moreover, the correlation
functions are featureless, i.e., (c50%) = 1 and (ofo}) = (o¥o%) =0, V L,R. (These
functions were first found by Borouch and McCoy in [96] for the case h, = § = 0).

The string correlation functions are found to behave in a similar way, i.e., D,, = 1 and
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D,, = Dy, =0 at v = 0. As one can find in Table 1.2 of the book by Franchini [111]

at h>1and y#0 (h, =06 =0), the spin correlation function

A—n
(of0")y ~ Xp—— at n>> 1, (3.66)

vn

where A, defined as in Eq. (3.63), determines the correlation length and agrees with
the 7 — 0 result (5.90). Vanishing of the correlation function in the above equation
is due to prefactor Xp — 0 as v — 0 [111]. No analytical results are available for
the spin or string correlation functions in the general case h, # 0 and ¢ # 0, but we
infer from numerical calculations that those functions have: (i) rapid decreases with
distance n; (ii) vanishing amplitudes; (iii) finite gap and thus meaningful definition
of the correlation length in the limit v — 0, similar to the equation above. Another
way to probe the finite gap (inverse correlation function) at v = 0, is to consider
nonzero temperature, when one expects temperature correlations to the correlation

and/or response functions « exp (—O(1)k/T).

(3) For the O,(m/2) phase, it is convenient to use V = /1 — @Q?. In this phase

V' =i|V] is imaginary, leading to
T
k‘F et ]_:{ek‘+ = 57 (367)
and

k= —Imk, =In(\/1+ |V|>+ |V]). (3.68)

The real part of the root k. = m/2 corresponds to the constant filling v, = 1 in this

phase and 7/2 oscillations of the string correlation function (3.50). Near transition
1/2

point h — A — 0: V| < 1 and k = |V] x (h?) — h> , in agreement with the

expected gap closing.
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The above results for real and imaginary parts of the complex roots ki are de-
picted in Fig. 3.9. In agreement with general arguments [61] and with Fig. 3.9, the

magnetization in all three phases can be related to the filling as m, =1 — vp.

Qualitatively, the integer-valued fermionic fillings connected by a continuous curve
through the gapless phase of Fig. 3.9, are due to the flat piece of the effective spectrum
shown in Fig. 3.8. An interesting topological transition known as fermionic condensa-
tion [126] is signalled by appearance of a continuous real filling smoothly connecting
between two integer values (1,0) of the step function predicted by the Landau Fermi-
liquid theory. One needs a flat band piece of the single-particle spectrum for such
noninteger filling to occur. The flat band and fermionic condensation [127] can model
linear-T" resistivity in the so-called Planckian metal [128,129]. These analogies are

worth exploring further.

Two complex roots Ay are also the eigenvalues of the transfer matrix which gen-
erates the wave function of the zero-energy edge Majorana fermion [36]. Our findings
predict that the localized Majorana edge state in the O,(w/2) phase has the wave
function with the inverse penetration depth oc k. The exponential decay of the wave
function into the bulk is modulated by 7/2 oscillations. In the IC phase the edge state
gets delocalized, since kK = 0. A more detailed analysis of the Majorana zero-energy

edge states is worth pursuing.

The staggered magnetization found from Eq. (3.22) as

ha [™?dk _
me = e /0 T = sign(£.) (3.69)
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leads to

0, h > hz(:l)

. oh @ 5O
me = e Bh), e )
—2ha K (5?), h < h?

/2 +hZ

(3.70)

Here K and F are, respectively, the complete and incomplete elliptic integrals of the

first kind.

The bond average and dimerization susceptibility (3.33a) can be also found in a

closed form via elliptical functions [130]. Indeed

1 T2 cos?k

K= % /. dk (1 —sign(E_))
yields
0 h> Y
2 2
K= YoM g, m2) — (1 - k2)F(k,,12),  he [hP, 0],
VIEEE(k?) - (1 - KK (), h<®
The dimerization susceptibility
1 ™% sin’k
= — dk 1 —sign(E_
=5 ; ¢ (1 —sign(E_))
is found as
0, h> Y
= Y (ke k?) = (1= k)B(ke,52), e [ ),
VIR () - B(1), h< b

(3.71)

(3.72)

(3.73)

(3.74)

In the isotropic limit, two anomalous parameters (3.33b) breaking the particle number
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conservation, P =17, = 0 due to U(1) symmetry.

Some additional progress in analytical evaluation of the string correlation function
(3.45) can be made for XX chain. The Majorana correlation function (3.30) gets

simplified. Introducing

GF(k) = Gu(k) £ Gra(k) (3.75)
and
gt = (tcosk £ hy & idsink) /€, (3.76)
we find
GE (k) = %(1 + sign(E_)) + %(1 _ sign(E_))g*, (3.77)

The above equations yields for the gapped phases

1,  h>htY
G*(k) = (3.78)
g5, h<h?

and for the gapless IC phase at Y < h < h((;l),

1, k>k
G*E(k) = i " (3.79)
g, k<kp

At h > hE}), the block Toeplitz matrix for evaluation of ©,, (see previous chapter for
its explicit form) becomes just a unit matrix for any choice of L and R in (3.45). So

we find the exact result for the SOP:
O.=1, h>h. (3.80)

The above result for the average of strings of o* operators (3.44) is in sync with the
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existence of plateau of magnetization m, = (o) = 1.

At h < hg), the SOPs O, ; form step-like parabolic lines along h, similar to Egs.
(3.70), (3.72), and (3.74) [131]. The values of O, ; are available via numerical calcula-
tions only. However, in case h, = 0 the result (3.49) can be used to find SOP inside

the circle along the line v = 0:

51/2
he=7v=0, |hl<h®: 03,1:21”. (3.81)

The model at v = 0 with additional U(1) symmetry belongs to a separate universality
class with the central charge ¢ = 1 [111]. From (3.81) we infer the index of the
order parameter § = 1/4 in the vicinity of the critical point § = 0. Unfortunately,
no progress is made at this point in analytical evaluation of SOPs beyond two special
cases (3.49) and (3.81). Two plateaus of m, have a certain analogy with quantized Hall
conductance, proportional to the topological Chern number [132]. In the isotropic limit
the eigenvalues Ay defined by Eq. (3.53) become the eigenvalues of the Hamiltonian
(3.55). In such a case, the winding number (3.52) and magnetization (3.69) are simply
related in the gapped phases:

m. =1— N, (3.82)

The IC gapless phase does not have long-range string order, since all three O,; = 0
on the right hand side of (3.46). [In the limit v — 0, parameters O, ; vanish abruptly
as h — b 40 and h — AV — 0, see Fig. 3.6a for visualization]. However the
gapless phase is algebraically ordered, demonstrating power-law decaying string-string

correlation function with the IC oscillations:

9..(1,n) = % cos(kpn). (3.83)
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In the above formula the coefficient A is nonuniversal, while the critical index of the
correlation function = 1/2. The latter along with two indicies v = 1 and 5 = 1/4
satisfy all scaling relations. We found a perfect agreement between Eq. (3.83) and
direct numerical calculation of the string correlation function. For a particular choice
of parameters yielding kr = 7/6, the results are shown in Fig. 3.10a with A = 1/7/® ~
0.87.

3.4.2 Interacting X X Z limit (A # 0)

1. Plateaus, parabolic lines, String order, and Oscillations

To deal with the regime of weak interactions A < 1, we need to replace the bare
parameters in the equations of the previous subsection by the renormalized quantities.
Having almost all results expressed via standard functions does not rescind the task
of extensive numerical calculations, since critical fields h£1’2) and renormalized cou-
plings must be found from self-consistent mean-field equations for each point in the
four-dimensional space of bare parameters. (Two parameters are eliminated from our

analysis, since we found vz = v,z = 0 in the isotropic limit).

As expected [60], the uniform magnetization in the interacting model has two
plateaus, as in Eq. (3.61). It is shown in Fig. 3.4. The interaction renormalizes

numerical values of critical fields A? and the form of the curve m, in the IC gapless
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Figure 3.10: Power-law decaying oscillations of the string correlation function ©.,.(1,n)
in the gapless IC phase. (a) shows direct numerical results from the Toeplitz determi-
nant (blue dots) for the noninteracting case and the plot of Eq. (3.83) (dashed line).
(b) shows direct numerical results for the interacting case when the Toeplitz determi-
nant is calculated with renormalized parameters found from the mean-field equations

(red dots) and the plot of Eq. (3.86) (dashed line). In both cases, A = 1/7'/® ~ 0.87
and kp = /6.
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phase, but not the universal plateau values m, = 0,1 in two gapped phases. Qual-
itatively, it means that the interaction does not change the integer-valued filling per
unit cell (1 or 0), in agreement with Ref. [61], as one can see in Fig. 3.9. Thus, the

present mean-field theory respects the LSM theorem.

The analytical results of the previous subsection allow us to understand how this
interesting feature makes it way through the equations. The renormalized effective
spectrum has the same form, as shown in Fig. 3.8 for noninteracting case. The bond
average K and dimerization susceptibility n (cf. (3.72) and (3.74)) in the O,(7/2)
phase (h < hg)) are h-independent functions of other couplings, see Fig. 3.2(a).
In mathematical terms, these functions form parabolic lines of zero curvature in the
parametric space. Both quantities K and 7 vanish in the PM phase (h > h((;l)). The
staggered magnetization m?, cf. (3.70) and Fig. 3.4, demonstrates similar behaviour.
The ground-state energy f in the O,(7/2) phase is given by the third expression in
(3.58) plus the constant term AC where C', determined from Eq. (3.36), is

1
C=K*+ Z(mf;)2 + 6%(n* + 2Kn) (3.84)

The above term and h-independent effective band e.4 lead to f as an h-independent
parabolic line at h < h((;z) [131], and, consequently, m, = 0. For the PM phase with a
totally flat band, we find
1 1
=—A—-h 3.85

where Eq. (3.35a) with hg = h — A is used, leading to m, = 1 [133]. So, the plateau
m, = 1 is due to: (1) flat band which leads to linear dependence of the ground-state
energy on the field; (2) the fact that interaction does not renormalize the slope (-1/2)
of this straight line. The relation between the magnetization and the winding number

(3.82) holds for the interacting case.
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The exact result (3.80) holds for the plateau of the SOP O, in PM phase of the
interacting model, along with the step-like h-independent behaviour of three parame-
ters O, ; of the oscillating string long-ranged order, see Figs. 3.6a and 3.5. Since the
interaction does not change the wave vector of the oscillating string order k, = /2,

cf. Fig. 3.9, one can select a convenient single correlation function (3.50) and to use

the SOP O, .

It is worth stressing qualitative similarities and distinctions in behaviours of the
average quantities entering our equations in two gapped phases: while in the gapped
topologically trivial PM phases (h > h,(gl)) all quantities m,, m?, O,;, K, n are equal
to 1 or 0, i.e., they form true plateaus, in the gapped topological phase (h < hg))
only the uniform magnetization demonstrates a true (trivial) plateau m, = 0. The
other quantities are h-independent functions of other couplings (parabolic lines) [131].
Except for the SOPs;, all other quantities are having their values in the gapped phases
continuously connected across the IC gapless phase with cusps at two critical points

h((;l) and h?) .

The IC gapless phase is the Luttinger liquid (LL) of the JW fermions [134]. The
long-range string order of the gapped topological phase (h < h£2)) is taken over by the
algebraic order of the power-law decaying string correlations at K2 < h < hY. We
have verified numerically oscillating behaviour of (3.45). It is in agreement with pre-
dictions (3.83). In the mean-field approximation, the only effect of interactions on the
correlation function is renormalization of k. and a phase shift. For a comparison with
the noninteracting case (3.83) presented in Fig. 3.10a, we chose the model parameters

to make the renormalized k, = 7/6 again. The direct numerical calculations are in
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excellent agreement with the analytical expression

D..(1,n) =

A T
cos | =(n + 2 ) 3.86
Vn +2 (6 ( ) (3.86)
as one can see from Fig. 3.10b. The gapless IC(LL) phase is a counterpart of the

floating phase occurring via a BKT thermal phase transition in frustrated 2D Ising

models [135,136].
2. Interaction-driven transtition

The main goals of this subsection is to establish restrictions of the proposed mean-
field theory coming from the strength of interactions A, and to relate the predicted
O.(m/2)-phase to the antiferromagnetic phase known from exact solution. The model
of this study is antiferromagnetic, so A > 0. Since we are interested to probe effects

of the interaction, we turn off other relevant couplings and set h, = § = 0.

We analyze the model on the (h, A)-plane shown in Fig. 3.11. As known from
the exact results [111,121], the chain without external fields generates spontaneous
antiferromagnetism (AFMz) in the axial direction (m¢ # 0) at the critical value A = 1.
At the noninteracting point A = 0 the model is in the IC phase at 0 < h < 1,
as we infer from Fig. 3.1 along the line v = 0 [the O,(7/2) circle is absent, since
R(he =6 =0) =0]. At h =1 the noninteracting model enters the familiar PM phase.
The IC-PM phase boundary k" = 1+ A is a special case of the exact resul (3.41).
At A > 1 the AFMz phase resides inside the V-shaped wedge on the (h, A) plane, and
at a certain critical field h = A% the XX Z chain undergoes a phase transition into
the IC (LL) phase. This phase boundary, known exactly from the Bethe ansatz, is

schematically shown in Fig. 3.11.

The interaction is a marginal perturbation of the free fermionic Hamiltonian. One
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can check from the mean-field equations that along with the trivial solution m¢, corre-
sponding to the gapless IC state, consistent with the exact results at A < 1, those equa-
tions admit a nontrivial solution m? # 0 corresponding to the spontaneously generated
antiferromagnetism. The order parameter of this phase is the spontaneous staggered

magnetization and it can be found analytically in the regime of weak interaction:

mZ%%exp(—ﬂ), A< (3.87)

At large A > 1, the order parameter saturates towards m¢ ~ 1. A nontrivial m¢

generates via Eq. (3.35b) the spontaneous staggered field h,r = Am?.

We have checked that the critical value A = 1 and h = 0, the mean field predicts
the ground-state energy of the AFMz phase fapn, = —0.4323, while for the gapless
IC phase fr¢ = —0.4196 with the relative gain of the AFMz phase about 3%. At
A =1/2 and h = 0, the parameters are fapy. = —0.3694 and f;c = —0.3690, with
the relative gain ~ 0.1%. At smaller A the gain is even smaller, and the two states are
virtually degenerate. However an unbiased minimization predicts at A = 0 the winning
antiferromagnetism all the way to A = 0, albeit exponentially weak (3.87). At A <1,

the mean field predicts the AFMz-IC phase boundary

h® ~ hag ~ 2exp ( - %) (3.88)
while at A > 1 the critical field th) crosses over towards
he(2) o< A. (3.89)

The result of numerical mean-field calculations for A2 is shown in Fig. 3.11.
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> /\

Figure 3.11: Phase diagram of the model with zero bare staggered field and dimerization
in (h, A) plane. The exact result [111,121] for the phase boundary between the phase
AFMz with spontaneous staggered magnetization and gapless IC (LL) phase, ending
at the critical point (0, 1), is indicated with red dotted line. The bold red line is the
mean-field prediction for this boundary. The mean-field approximation agrees with
the exact result for the IC-PM phase boundary, shown in bold blue. The topological
winding number N, are also shown for each phase.
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The AFMz-1C phase transition is of the first order in the mean-field theory, since m¢
undergoes a jump from zero in the gapless IC phase to a finite value and stays constant
for a given A in AFMz phase (h < h?)). (Note that A=const. lines on the (h, A)
plane are parabolic lines of h-independent parameters, like f, m, h,g, etc., as explained
above). The spontaneous antiferromagnetism with its primary order parameter m?
coexists with the four-periodic string order defined in previous sections. The SOPs are
introduced by the staggered field h,r o« m? and are the secondary. The order is of
the type (3.48) with patterns shown in panels 2(a) and 2(b) in Fig. 3.7. The string
order can be also combined into a single pattern as in Fig. 3.7(1) with the help of
the correlation function (3.50). The algebraically ordered gapless IC(LL) phase in Fig.
3.11 is characterized by the power-law decaying correlation functions, similar to the

one shown in Fig. 3.10.

So the phase with the interaction-induced antiferromagnetism AFMz on the phase
diagram in Fig. 3.11, per se is just a special case of the O,(7/2) phase shown in Fig.
3.1. That is why the second label O,(7/2) for the magnetic phase is added in Fig.
3.11. However, the transition into the gapless IC phase is quite different in two cases,
revealing important distinctions between the two phases. The axial symmetry broken
in the interaction-generated AFMz-phase which possesses a sublattice magnetization
and doubling of a unit cell, is restored via the first order transition into the IC (LL)
phase. The latter, shown in Fig. 3.11, has both the staggered field and magnetization
zero, m? = h,r = 0. For the case of the field-generated O, (7/2)-1C transition shown in
Fig. 3.1, no symmetry breaking related to sublattice (staggered) magnetization occurs,
and the field-induced m¢ is not the order parameter. It is continuous across transition
and has a cusp only, as one can see in the Fig. 3.4; the gaplessness of the IC phase is a
result of subtle interplay of several relevant couplings. In both cases, of the AFMz or

O.(7/2) phases, the uniform magnetization m, is zero, as shown in Fig. 3.4 (y = 0)
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at h < h?.

The last comment is in order here to address the validity of the proposed mean-
field prediction of the spurious spontaneous antiferromagnetism with h, = 6 = 0 in the
range A < 1 can undermine our predictions for the phase diagram in Fig. 3.1. The an-
swer is twofold: in the absence of relevant terms o< h, or o< 6 and h = 0, the mean-field
instability in the region A < 1 signals the need of that approximation to be replaced
by more sophisticated techniques. In the case when one or more of the mentioned
parameters are nonzero, the (exponentially weak) interaction-generated terms do not
drive spontaneous magnetization, but rather result in innocuous renormalizations of
model’s parameters. As an example tested by direct simulations, we can mention the
earlier work on coupled dimerized X X X chains (A = 1) [35, 53] where two relevant
parameters-dimerization and inter-chain coupling are present. The mean-field predic-
tions are shown to be very accurate quantitatively, no spurious phases, in agreement
with DMRG or exact diagonalization results, even on the lines of quantum criticality

where a mutual cancellation of relevant terms occur.
To summarize

In this chapter, the XYZ spin-1/2 chain with an alternation of the exchange and
anisotropy couplings in the presence of uniform and staggered magnetic fields is stud-
ied. Using the JW transformation, the model is mapped into the form of interacting
Kitaev-Majorana fermionic chain with hopping, superconducting pairing, and mod-
ulated chemical potential. The HF (mean-field) approximation is applied to the in-
teracting fermionic Hamiltonian, which is then replaced by the renormalized effec-
tive quadratic Hamiltonian. Using the Fourier transform, the renormalized effective
quadratic Hamiltonian translates into a renormalized single particle Hamiltonian with

spinors consisting of the fermions in the momentum space associated with even/odd
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sites of the lattice. The renormalized Hamiltonian is expressed in terms of six renormal-
ized couplings (parameters), which are found from a set of six self-consistent equations
obtained from the minimization of free-energy. We found four energy eigenvalues with
renormalized parameters, criticality, gaps, and phase boundaries. All calculations for
the phase diagram, its boundaries and related quantities were done numerically. The
PM-AFM boundary and radius of topological phase gets modified by the interactions
(see Fig. 3.1). Like the noninteracting model, it has a rich phase diagram with addi-

tional information of the local and nonlocal orders in the different gapped phases.

In order to describe the conventional (Landau) and nonlocal (string) orders, we
explicitly expressed two unitary matrices ® and ¥ from the normalized single particle
Hamiltonian by applying the Bogoliubov transformation. These matrices allow us to
derive analytical expression for the correlation function of two Majorana fermions at
zero temperature. By definition, the local and nonlocal order can be expressed in
terms of a string correlation function of Majorana fermions. The latter is evaluated as
asymptotes of the determinants of the block Toeplitz matrices. In this parametrization
of the model, we were not able to derive any analytical results of the asymptotics of the
block Toeplitz determinant. With some luck and complex skills, these limits can be
found explicitly then one gets an algebraic expressions for the order parameters. Here,

we resort to direct numerical calculations for the possible large finite-size matrices.

Combining the above formalism with mean-field approximation, the local and non-
local order parameters are calculated numerically. The representative numerical results
for the above-mentioned parameters are plotted in Fig. 3.6. In this study, we found
the circular region with topological phase on the phase diagram in (h, ) plane with
oscillating string order with a period of four lattice spacing, which was not reported

before for this model. The detailed analysis of patterns of the string order is given (see
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Fig. 3.5 and 3.7 for detail). It vanishes in FM phase at a large distance and it quickly

saturates to a constant value in the PM phase.

In the isotropic limit of this model, the plateaus and h-independent parabolic lines
were revealed in various quantities, most notable in the uniform axial magnetization.
The appearance of the integer-valued and 1C fermionic fillings, responsible for qualita-
tively different behaviour of physical parameters in the gapped and IC gapless phases
(see Fig. 3.9 for example), can be qualitatively related to the presence of flat bands
in the effective single particle spectrum. Turning on the anomalous coupling v # 0,
rounds the flat band and smears plateaus of magnetization and other step-like param-
eters. In the IC (LL) phase, the oscillating string correlation function is found to have

a power-law, as shown in Fig. 3.10.
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Chapter 4

Dimerized Two-Leg Ladder

4.1 Introduction

The elementary excitations of low dimensional quantum systems show remarkable
phenomena. Previous results in chapters 2 and 3 showed that the dimerization and
anisotropy induce the spin gaps in the spin-1/2 chain [137]. The intriguing properties
of spin ladders have been studied extensively in the analytical and numerical stud-
ies [5,85,86,137], where the gap and/or massless depend on the number of legs. The
effect of dimerization on the spin-1/2 ladders has gained lots of attention. A uniform
two leg ladder found to be gapped [5,137] and it can become gapless at some special
cases while introducing dimerization [19,20,34,47,50,51]. Critical properties of dimer-
ized ladders are known from analytical and numerical studies: [34,35,51,54,56,99]. The
staggered ladder can undergo a continuous quantum phase transition, while the colum-
nar and rung dimerized ladders are always gapped, and do not exhibit any quantum

phase transition [53,56,138].

Moreover, the field induced quantum phase transition has been studied in recent
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years, and the existence of quantized plateaus in the magnetic curve of the spin chains
was observed [60,139]. This unique magnetization curve with the number of plateaus
versus applied magnetic field in the generic two-leg ladder has received much more
attention from the theoretical and experimental sides [48, 56,138, 140-143]. For the
two-leg ladder with staggered and columnar dimerization patterns, the existence of the
magnetization plateaus is confirmed by using the bosonization and direct numerical
simulations [48,49,140]. Very recently, the magnetization plateau in the columnar lad-
der was studied numerically in [144]. Azzouz [141] found these magnetization plateaus
in isotropic two-leg ladder using the mean-field approach based on the JW transfor-

mation.

Like columnar ladder, the rung-dimerized two-leg ladder always induces spin gap
and becomes gapless while applying the uniform magnetic field [56]. In this ladder,
the magnetization curve and plateaus were reported using various theoretical standard
methods such as Green’s function, bosonization, and the mean-field approach [56,138,
142,145]. More recently similar studies have been done by using numerical techniques
such as the Lanczos exact diagonalization, and the quantum Monte-Carlo methods

[142,143).

The magnetization plateau with rational (commensurate) magnetization and a finite

excitation gap is only possible if condition

P(s—m)=Z, (4.1)

1

15 satisfied. Here P, s, m and Z are periodicity, spin, constant magnetization *, and

!To be a consistent with previously published works on [35,37,38,59] and previous chapters
2 and 3 of this thesis work we choose the notation of magnetization m, = (o,) = 2m from
now on. Here m is the magnetization written in the quantization condition 4.1
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arbitrary integer respectively.

This theorem to be a generalization of the LSM theorem [79] for the case of mag-
netic field [60,61,79,146,147]. The necessary quantization condition for appearance
of such plateau in generic chains or ladders was derived in [60,61]. The existence of
the number of plateaus of the magnetization curve with finite excitation gap can be
determined by using above quantization condition (4.1). The gapless excitation occurs
at an incommensurate fermionic filling, which also manifests itself via arbitrary real

magnetization.

We call the quantization condition as the plateau theorem of periodicity from

now on. To be more specific, we take an example, i.e, staggered ladder with the

1

columnar magnetic field. In this model, the periodicity and spin are P =4 and s =

respectively, then the right side of the Eq (4.1) satisfies the integer values 0, 1,2 only
if the model contains three magnetization plateau phases at m = 0, i, % Thus, the
model will have the magnetization curve with three magnetization plateaus which we

will call O-plateau phase, half-plateau phase and saturated plateau phase. We drive

the conditions for other magnetization plateaus in the following explicit form:
(1) Dimerized chain: P=2 s:%; Z=0, 1; plateaus at m=0, %
(2) Staggered two-leg ladder: P=2, 5:%; Z=0, 1; plateaus at m=0, %

(3) Staggered ladder with staggered field: P=2, 3:%; Z=0,1; plateaus at

m=0, %

(4): Columnar ladder with columnar field: P=4, s=1/2; Z=0, 1, 2; plateaus

1

at m:O, 1 %

(5): Rung-dimerized ladder with columnar field: P=4, 5:%; Z=0,1,2;
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plateaus at m=0, }L,

1
5.

In this chapter, we study the quantum phase transitions (QPTs) and the ground
state properties of anisotropic dimerized spin-1/2 two-leg ladders in the modulated

magnetic field. For the anisotropic two-leg ladder, we consider three possible dimerized

patterns: staggered, columnar, and rung. It reveals a very rich structure of the uniform

magnetization plateaus at m,= 0, %, 1, as given by the quantization condition (4.1).
To the best of our knowledge, the quantum criticality, phase diagram and induced
uniform magnetization of those models with uniform and alternating fields were not
addressed in earlier literature in the way we do here. Though we are not sure which
type of dimerized ladder can be realized in nature, in the presence of magnetic field,

we analyze for all cases the gaps, phase diagrams and magnetization plateaus.

We infer from the earlier works [35,38,53,89], where the mean-field approach was
used to solve the chains and ladders, that this method is quite efficient, even quali-
tatively. Here we apply the Hartee-Fock (HF) approximation to map the interacting
fermionic ladder onto a problem of the effective quadratic fermionic Hamiltonian. Be-
fore utilizing the HF approximation, we use the JW transformation that maps the
spin Hamiltonian onto spinless fermions. Both methods will be utilized to study the
ground state properties such as: quantum critical points, phase diagrams, magnetiza-
tion plateaus, and local and non-local orders, as similarly to what we have done in the

previous chapters for the dimerized XY and XY Z chains.
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s

Figure 4.1: Dimerized two-leg ladder. Bold/thin/dashed lines represent the stron-
ter /weaker chain coupling J(149) and rung coupling J, (1+6,), respectively. Dimer-
ization patterns: (a) staggered; (b) columnar; and (c) rung

4.2 Model

4.2.1 Spin and mean-field Hamiltonian

The Hamiltonian of the dimerized two-leg ladder in the presence of the uniform (h)

and staggered (h,) magnetic field is

H=Y"%" {Ja(n)Sa(n) - Sa(n + 1) + ha(n)S2(n)

a=1 n=1
N
Iy [ Sam)SEn+ 1) = SLMSLn+ D]} + 1D Sa(n) - Sara(n).  (42)
n=1
where spin operators S = %0’ are defined in terms of the standard Pauli matrices.

The ladder has bond alternation with the parameter |§| < 1 either along the chains
(v = 1,2) or along the rungs, and the xy anisotropy . We consider antiferromagnetic
two spin exchange couplings, i.e., J > 0, J; > 0. In this study, we consider the three
possible dimerization patterns: staggered, columnar and rung, shown in Fig. 4.1. The

exchange couplings for three dimerization patterns are defined as:
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Jo(n) = J[1 4+ (=1)"T*] (staggered) (4.3a)
Jo(n) = J[1 4+ (=1)"0] (columnar) (4.3b)
Ji(n) = Jil +(=1)"0.]  (rung) (4.3¢)
with the periodic boundary conditions along the chains.

We also consider two possible modulated magnetic fields:
ho(n) = h+ (=1)""h, (staggered) (4.4a)
ho(n) =h+(=1)"h, (columnar) (4.4b)

We map the spin ladder Hamiltonian (4.2) onto it’s fermionic representation by
using the JW transformation. There are different ways to introduce this transformation
when we depart from a single-chain problem to the spin ladder (see, e.g., [23, 83,
86]). Here, we use the snake-like path for the JW transformation (see inset of Fig
1.1b) which is used in [35,86]. To make a clear picture of the two dimesional JW
transformation along the snake-like path for the two leg ladder, we refer two Egs.
(1.8a) and (1.8b). Labelling the sites of the ladder along the path as shown in Fig.

4.2, the JW transformation can be defined as
ol = ¢l exp (zﬁr Z cchl> (4.5)

with o7 = 2clc, — 1 and 07 = 3(0% £ i0Y)

n n/*

The spin ladder (4.2) will be treated within the mean-field approach [83, 85, 86],
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1 4 5 8 9

Figure 4.2: Snake-like path of the JW transformation used for the two-leg ladder.

which consists of two steps: first, one maps the spin Hamiltonian onto an interacting
model of spinless fermions via a JW transformation (4.5); second, the interaction terms
are decoupled via the HF (mean-field) approximation [89]. This mean-field approach
is confirmed to be qualitatively and even quantitatively adequate for an analysis of
similar dimerized ladders [35,53,58]. Taking the technical details to section 4.4, the

spin Hamiltonian (4.2) is reduced to the quadratic effective fermionic Hamiltonian:

N 2

H~ Hyp = %Z 3 ((—1)n+a—1 + U) {JaR(n)cL(n)ca(n +1)

n=1 a=1

A Tan(n)ch (n)eh (n + 1) + h.c.} 4 2han(n)ch (n)ea(n)

+% 2; Jiam)e ()ea(n) + b+ 2N (C %) (4.6)

where we have introduced the renormalized couplings:

J[tr + (—=1)"T25,], staggered
Jarn(n) = 4 Jlta + (—1)"64], columnar (4.7)
J(1+2K), rung,
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Jlve + (=1)""ax], staggered

Lar(m) =S Jye + (=1)Yax], columnar (4.8)
J(vy —2P), rung,
Ji(1+2t,), stag/col
JJ_R(”) = (49)
Ji(tig +(=1)"01r), rung,
hy + (—1)""*hgp, staggered field
har(n) = (4.10)
hy + (—=1)"hgg, columnar field,

along with the following renormalized model’s parameters.

A. Staggered/columnar patterns:

hR:h—mZ<1+%>, (4.11)
han = ha + mg(l + %) (4.12)
tr =1+ 2(K + 6%n), (4.13)
6 = 0(1+20C+ 7)), (4.14)
Ve =7y — 2(P — §n,), (4.15)
Yar = —26(P —1p) (4.16)
tip=1+2t. (4.17)

B. Rung dimerized pattern:

ho=h—m.(1+5) = Zoms (4.18)
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han = ha — mg(l - %) - %(57712, (4.19)
tp =1+ 2K, (4.20)

Yr =7 — 2P, (4.21)

Sin=01 (1 Ot + m)), (4.22)
tin=1+2(tL +62nL). (4.23)

Here v denotes the flux correction term per plaquette which is explained in section
4.4. The constant terms with the flux correction term are given in Appendix A. For
the minimization of the energy, we use the following final form for the constants in the

three dimerization patterns and two transverse fields:

1
C* =K? = P>+ 8 (> — ) + 20*(Kn + Pn,) + §Jgi

1 J1L

—ym2—m2)(1+5) (4:24)

1
C* = K> = P>+ &*(n> —n2) + 26°(Kn + Pn,) + E‘ui

1 2 JJ_ 1 2 JJ_
—Zm2(1 —) - (1 . —) 4.2
4mz< + 5 + 4mz,a 5 (4.25)

C* = (140?) (’C2 — P? 4 8% (n* — n2) 4 20%(Kn + Pnp))

1 2 JJ_ 1 2 JJ_ 1 2
——m2(1 —) - (1 _ —) St 4.26
(1 5) + gmta(1- ) +gnd (4.26)
1 J 1 J
re _ g2 _p2_ = 2<1 _L> L2 <1__l>
C K 4mz + 5 ~|—4mz7a 5
1 1 2 2 2 2
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The definitions and the self-consistent equations for the mean-field parameters en-
tering above relations are given in section 4.4. There, we also present formulas and
numerical results for the mean-field parameters and renormalized couplings, and their
relations to the bare parameters of the microscopic Hamiltonian. In the following, we
will be working with the effective Hamiltonian (4.6), and for the notational simplicity
we drop the subscript = in its parameters from now on, keeping in mind that we deal
with the renormalized parameters (4.11)- (4.23). We also express dimensional quan-
tities in units of J from now. Note that (4.6) can also be viewed as a tight-binding
Hamiltonian of the modulated Kitaev ladder [148]. In the fermionic representation, the
staggered /columanr ladder has dimerized hopping along chains, modulated chemical
potential, and superconducting pairing, while the rung dimerized ladder fermionizes
into the Kitaev ladder with the dimerized hopping along legs and modulated chemi-
cal potential. Thus, whether we deal with the modulated spin ladder or the Kitaev
fermionic ladders, it is a mere of convention, specially since the results below will be

given in the terms of spins of fermions, on the same footing.

In terms of Majorana operators,
2¢ (n) = aq(n) + ibs(n), (4.28)

the mean-field effective Hamiltonian (4.6) yields

N

Hyr = 2NC + % SO0t 4 ) (Jar(n) + Tan(m) %

be(n)aa(n + 1) + (JaRm) _ FaR(n)>ba(n + 1)aa(n)}

2 (1) (M) 1o ()| + % > Jia(m) (bi(n)aa(n) + by(n)ar(n) ) (4.29)
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4.2.2 Single particle Hamiltonian and spinor

To further simplify the effective Hamiltonian (4.6) and to get rid of its factor (—1)",

we use canonical transformation
Ca(n) = €9mcy(n), (4.30)

in the real space where we utilize ¢,,11 = ¢, +7n (¢1 = 0). It is convenient to introduce
two distinct fermions residing on even/odd sites by c,(e/0) in the place of ¢,(n), since
the dimerization (6 or ) splits all sites of the ladder in even and odd sectors. Using

the Fourier transform ¢, (n) = \/Lﬁ S ch(k)e™™, we rewrite the Hamiltonian as
1
H=2NC + g > LA (k) (4.31)
k
where even and odd sectors of fermions are unified in the spinor

\I]L = (Ci,ea{‘l)v CJ{,o(k)’ C;e(k)v C;o(k)a cl,@(_k)7 61,0(_k)7 6276(_k)’ 0270(_k)) <432)

with the wave numbers restricted to the reduced Brillouin zone BZ k € [—7/2,7/2],
and we set the lattice spacing @ = 1. The 8 x 8 Hamiltonian matrix #H(k) can be

written as

H(k) = (4.33)

The explicit form of the effective Hamiltonian (4.31) depends on the three dimerization
patterns with two kinds of the modulated transverse fields as defined in Eqgs. (4.3a),
(4.3b), (4.3¢), (4.4a) and (4.4b). Here, the matrix elements of the operator A depend
on dimerization patterns and modulated fields, which will be accounted by extra labels

(s,c,r) and (s,c) for dimerization and field respectively. The operator B is the same for
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all phases. As shown below, it is because B contains only the anisotropic parameters

~v and v,. The explicit form of the 4 x 4 matrix A for the staggered pattern in the

staggered field is

where

A~

U= (t—wvd)cosk+i(6d —vt)sink.

h—h, U L5, 0
U h+h, 0 571
L, 0 hth, -0 |
0 I -U h—h,

For the staggered pattern in columnar field

>

sC

For the columnar pattern in columnar field, the matrix A is found as

where

h+h, U %0 0
U h—h, 0 o
1 0 h+h, -U*

h+h, W+ 1
W h—h, O L

1
2Jl

0 in

W = (t+vd) cosk + (0 + vt) sin k.

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

For the rung dimerized pattern with the columnar field ( we will study the rung dimer-

ized ladder in hte presence of columnar field only), we use the diagonal path of JW
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transformation (see Fig. 4.2 and Egs. (1.15) and (1.16) in chapter 1 for detail). Now,

we set the matrix A for this pattern

h+ hg tcosk I (my +1) 0
. tcosk h — h, 0 sJ(m-—1)
Ao = o (4.39)
I (my +1) 0 h + h, tcosk
0 sJ(m_ —1) tcosk h — hg

where we introduced the notations
le_: = JJ_(tJ_ + 6J_) and m4 = My, + mzq- (440)

The 4 x 4 matrix B is same for all dimerization patterns and it reads

0o -V 0 0
R V=0 0 0
B= (4.41)
0 0 0o -V
0 o V* 0
where
V = (v, —vy)cosk +i(y — vy,) sink (4.42)

The staggered anisotropy 7, is absent in the bare Hamiltonian, but it could be induced
by the mean-field equations. The actual values are found to be very small in the
interesting range of parameters. In this our study, we turn off the terms related to

anisotropy, i.e., v = 7, = 0 in the Hamiltonian matrix (4.33).

To analyze quantum phase transitions, phases of the phase diagram, and mag-

netization plateaus, we obtain eight eigenvalues +FE. (k) of the Hamiltonian matrix

120



(4.33). We only use four positive branches F.4 (k) and calculate those quantities for

the different models in the following sections.

4.3 Isotropic ladder: spectra, phase diagram and
induced magnetizations

In this section, we analyze the energy eigenvalues, phase diagrams, and uniform induced
magnetizations of the two-leg ladder in three dimerization patterns and two modulated
magnetic fields. These quantities will be investigated with respect to renormalized
(effective) parameters. Those renormalized parameters we use, can be calculated from
the self-consistent equations given by minimization of the free energy. We present the
mean-field parameters of ladders in section 4.4. More importantly, we are able to obtain
the magnetization curves in all phases of the phase diagram as functions of the bare
magnetic field h. The structure of the magnetization plateaus in the gapped phases
agree with the quantization condition (4.1). We explain the detail of those calculations

in the following subsections.
4.3.1 Staggered ladder

In this subsection, we consider the staggered two-leg ladder either with staggered or
with columnar magnetic field. Using Eqs. (4.33), (4.34), and (4.36), we investigate
the magnetization curve within the induced phase boundaries of the phase diagram.
Those calculations will be done separately in cases of the staggered and columnar fields.

Based on the quantization condition (4.1), we expect three magnetization plateaus at

1

m. = 0, 5,1 in the case of columnar field, while the staggered field should only contain

two plateaus at m, = 0, 1.
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A. Staggered ladder with the columnar field (SC-ladder)

Taking the staggered ladder without anisotropy v = v, = 0, B = 0 and the effective
Hamiltonian (4.31) is given by 4 x 4 matrix (4.36). We diagonalize (4.36) and find four

energy eigenvalues:

2
Ef (k)=h+ \/(t —vd)2cos? k + <\/h3 + (6 —vt)2sin® k + %) ) (4.43)

From the equations for eigenvalues (4.43), one can easily see that the flux correction
v only changes the magnitude of hopping and dimerization parameters. To make the
analytical and numerical calculation simple, we drop the correction term i.e., v = 0.

Then Eq. (4.43) becomes

2
EX. (k) =h=+ \/t2 cos? k + (\/mj: %) =hx&s (4.44)

From Eq. (4.44) we infer that the model is gapped in general, however the correspond-

Ay = ‘h— \/t2+ (hai‘]—;)z

at the center (k = 0), and

ing gaps

(4.45)

Agjy = ’h—( h§+52i%>‘ (4.46)

at edge (kK = m/2) of the Brillouin zone vanish on the lines of the quantum critical

transitions shown in Fig. 4.3. So, there are four phase boundaries:

(i) At

2
B8 — \/t2 + (ha + %) , (4.47)
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where the gap vanishes at the center of BZ (k = 0).

(ii) At edge of BZ (k = m/2) the gap vanishes at

AN = /2 + 62 + % (4.48)

From the spectra (4.44), we plot the phase diagrams 4.3 in (4,h) parametric plane.

This ground-state phase diagram 4.3 consists of the following five distinct phases:

h

A
20 (@)
I m,=1: plateau phase

$,=0.8

150 II-LL gapless phase 1 o

my=1/2: plateau phase "-=1

10

I-LL gapless phase

0.5

m,=0: plateau phase

0 02 0.4 06 08 10 >0

Figure 4.3: Phase diagram of the staggered ladder in (§,h) parametric plane: All bold
coloured lines are lines of the quantum phase transitions separating five phases.

(I) zero plateau gapped phase in the region h < h£4),
(IT) the first LL gapless phase in the region Y < h < hf’),

(IIT) the mid-plateau gapped phase in the region Y << h?),
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IV) the second LL gapless phase in the region A < h < hé”, and
( gapless p g

(V) the saturated plateau gapped phase in the region h > hY.

h=02 (b) h=10

E (%)

E (%)

E®)
E (x)

(e) h=19
1.4]
1.2
)
10 §=06 Hh'177
L\:/ 08 Ji=1.0 h22)=1_5
0% ha=08  K=124
E®) o t=12 p%%s
E (k) 0.2
- -1.0 -05 0.5 1.0 1.5
15 k

Figure 4.4: Single particle dispersion relations at (a) zero-plateau gapped phase, (b)
I-LL gapless phase, (c) mid-plateau gapped phase, (d) II-LL gapless phase and (e)
saturated gapped phase.

To better understand of the distinct phases of the phase diagram, the two branches
E_. (k) and E__(k) are plotted in Fig. 4.4 for different values of the magnetic field
corresponding to the different phases shown in Fig. 4.3. With the values of model’s
parameters shown in Fig. 4.4, the ground-state of the ladder is in the zero-plateau
gapped phase at h < h((fl) = 0.5, where both branches are empty (see Fig. 4.4a).

By increasing the magnetic field, energies of both branches start to increase. At the

critical field Y = 0.5, the branch E__(k) starts to fill in and the filling gradually
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increases with increasing the magnetic field from h = 0.5 up to h < A = 1.24. This
corresponds to the first LL gapless phase (see Fig. 4.4b), where two Fermi points
+k, are shown on the E__(k) branch. At the critical field h = h) = 1.24, two
Fermi points merge as +k; = 0, and the branch E__(k) becomes completely filled.
With further increase of the magnetic field, the ladder is brought to the mid-plateau
region Y < h < n® = 1.5, where energies of both branches increase (see Fig. 4.4c),
but the spectrum is gapped. At h > h((f) = 1.5, where the branch E_, (k) starts to
fill in. It contains two Fermi points +k;. This is the second LL gapless region at
h? < h < b = 1.77 (see Fig. 4.4d). Finally at the critical field h = A = 1.77, the
branch E_, (k) becomes completely filled and two Fermi points merge at the center of
the Brillouin zone +k} = 0. In the saturated plateau gapped phase h > hgl), both

branches are completely filled and the filling is saturated (see Fig. 4.4e).

The induced magnetization per site m, = ﬁ Ziﬁl(ag) can be calculated by dif-

ferentiating the free-energy of the model with respect to h. After minimization of the

free-energy, its explicit expression is

1 1 w/2
2 T an 0

{sign(E_+) + sign(E__)}dk (4.49)

Now, we present the field-induced magnetization m. as a function of the uniform
magnetic field h in Fig. 4.5. Those magnetization curves are shown in Fig.4.5a and 4.5b
at different values of h, and dimerization § respectively. The uniform magnetization
is calculated at each point with the renormalized couplings on the right-hand side
of Eq. (4.49), determined self-consistently from the numerical solution of the mean-
field equations given in section 4.4. Qualitatively, the structure of the magnetization
plateaus can be understood from residual filling of the E_L bands explained above.

As clearly seen in Fig. 4.5a, the magnetization remains zero (zero-plateau) in the low
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Y

Figure 4.5: Uniform induced magnetization m, vs uniform magnetic field at different
values of (a) alternating field h,, and (b) dimerization 0.

external field A up to the forth critical field h,(;4), which depends on the strength of the
alternating field h, keeping the other parameters (J,, d) the same. By further increase
of the magnetic field, the magnetization starts to increase and undergoes a quantum
phase transition to the first LL gapless phase, followed by another transition into the
mid-plateau (m, = 1/2) gapped phase, located between the third and second quantum
critical fields. The width of the mid-plateau depends on the strength of the alternating
field h,. The existence of the mid-plateau state reported here for the first time is an

indication of the appearance of a new spin gapped phase in this type of ladder. If
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there is no alternating field i.e., h, = 0, the mid-plateau is not allowed by the plateau
theorem, in agreement with the earlier result [48]. The ladder then contains only one
LL gapless phase (see green curve in Fig. 4.5a). In Fig. 4.6, we present our mean-field
results for h£4) and hgl) shown by red arrows in comparison to the numerical results
of Ref. [48]. The plateau-gapped and LL-gapless phases we found from the mean-field
approach are in good agreement with the numerical results. As we increase alternating
field h,, the second LL-gapless phase starts to appear with mid-plateau. In other
words, the alternating field h, splits the LL-phase into two LL phases by creating a
mid-plateau in between them. Finally, the magnetization reaches its saturation value

at first critical field hgl), see Fig. 4.5a.

1

(@)

h/J

Figure 4.6: Numerical results for magnetization of the staggered dimerized ladder for
d =0.5and J; =1 taken from the Ref. [48]. The mean-field approximation results for

h£4) and hgl) are shown by red arrows.

Fig. 4.5b represents the field dependence of magnetization with different dimer-
ization parameter 0. It is shown that the width of the zero-plateau and mid-plateau
phases increases with the strength of dimerization, while other parameters are kept the
same. In the first and second LL gapless phases, the magnetization increases smoothly.

Interestingly, one can notice that all magnetization curves merge into the same point
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corresponding to the same value of the first critical field h((;l), where magnetization gets

into its saturated value m, = 1.
B. Staggered ladder with staggered field (SS-ladder)

In this case four eigenvalues of the 4 x 4 matrix (4.34) are

2
B (k)= h+ \/ h2 + (t — vd)2 cos? k + ((5 —vt)sink + %) . (4.50)

From (4.50), one can easily see that the flux correction term v just changes the mag-
nitude of the hopping and dimerization parameters and no new features are brought
about by v # 0. To make the analytical and numerical calculation simpler, we drop
the correction v = 0. In order to make the above eigenvalues symmetric with respect
to k, we use the shift k& — &k + 7/2 in the branches F_ (k) and E__(k). Using the
relation E_ (k) <» E__(k—m) between two branches, we combine four branches (4.50)

in the more compact form

ss 9 Ji 2
E(k) = h+4/h2 + t2sin k+(5cosk—7> —h+¢. (4.51)

The wavenumbers of superimposed branches (4.51) run within the double Brillouin

zone k € [—m,m]. From Eq. (4.51) we infer that the model is gapped in general,

1
Alz(h—,/hgﬂuzfj

at k = /2 of the Brillouin zone k € [—7, 7] and

A4:‘h—\/h§+<5—%>2‘ (4.53)

however the gaps

(4.52)
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at center of BZ k = 0, vanish on the lines of the quantum critical transitions shown in

Fig. 4.7. So, there are two phase boundaries:

/ 1
Y =4 [h2 + 12 + ZJE’ (4.54)

where the gap vanishes at & = 7/2 and

(i) At

(ii) At & = 0 the gap vanishes at

h = \/ n2+ (6 - ﬂ)g. (4.55)

From Eq. (4.51) we illustrate the ground-state phase diagram 4.7 in the (h,0) para-
h

A
my=1: plateau phase

1.5F B
ha=o .3
i t=1.4
1.0 LL gapless phase J =1

, 3
0.5 \_/

m,=0 : plateau phase

0 0.2 0.4 06 08 1.0

Figure 4.7: Phase diagram of staggered ladder in staggered field in the h-§ parametric
plane. The model is critical on (i) h = ht* (red); (i) h = h (blue). Three phases are
shown: m, = 0: plateau phase, LL-gapless phase, and m, = 1: saturated phase.

metric plane. It is shown that there are only three distinct phases: the zero-plateau

gapped phase in the region h < h£4), the LL gapless phase in the region Y < h < h?),
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b h=1.0
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0.4
02
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() h=16
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1.0 S =06 t(=1.4
1
08 Ji=10 h.=152
= 08 ha=03  pP=032
[sa]
4|
0.2
3 2 1 k 1 2 3

Figure 4.8: Single particle dispersion relations in the (a) zero-plateau gapped phase,
(b) LL-gapless phase, and (c¢) saturated gapped phase.

and the saturated gapped phase in the region h > hgl). To make the quantum phases
more visual, we plot the branch E_(k) (see Fig. 4.8) for different values of the external
field within the Brillouin zone k € [—7, 7|, and analyze the variation of the branches
and the filling in the different phases of the phase diagram. For the detailed discussion,
we refer to Fig. 4.4 and its description. Comparing Figs. 4.4 and 4.8, one can easily

understand why the mid-plateau does not occur in the SS-ladder.

In order to investigate induced magnetization m,, we rewrite its expression (4.49)
in the explicit form
1 1 [7

M=o o )

sign(E_)dk (4.56)

and numerically calculate at each point with the renormalized couplings, which are
determined from the self-consistent equations. We plot the field-induced magnetization
as a function of the uniform component of the magnetic field h in Fig. 4.9. Those curves

are schematically drawn in Figs. 4.9a and 4.9b for the different values of alternating

field h, and dimerization ¢ respectively. In the low field range h < h£4), the uniform

130
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0.8

: h,=0.2
| h,=04
0.6 -
| O =04

J1 =2.0
0.4

1.0

08F| 0=0 ——
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061 O=0.4
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04+

0.2

-h

. . |
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Figure 4.9: Schematic plot of the uniform induced magnetization m, as a function
of uniform magnetic field h for different values of (a) alternating field h,, and (b)
dimerization J.
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magnetization remains zero at zero-plateau gapped phase. In the Fig. 4.9b, the width
of the zero-plateau phase decreases with the strength of dimerization d, while the other
parameters are kept fixed. As soon as the field h exceeds h£4), the magnetization
increases gradually until it reaches the critical point, where its saturated value is m, =
1. In Fig. 4.9b, the magnetization is shown for different dimerizations 6. From Fig.
4.9a we infer the effect of the alternating field h, on the magnetization: it only affects
the magnitude of two critical fields h£4) and h&l) (phase boundaries), but there is no

significant effect in creating new phases.
4.3.2 Columnar ladder with columnar field (CC-ladder)

In this case the 4 x 4 matrix (4.37) has four energy eigenvalues

1
EY (k) =h+ {hZ + é_ll]i + (2 + v%6%) cos® k + (6% + v*t?) sin” k

1 1 12
12\/Zh?lJf + U2{52t2 + (P sin k + 0% cos? k)}} . (4.57)

From Eq. (4.57) we plot the quantum phase diagram in Fig. 4.10. This phase

diagram consists of four phase boundaries:

(i) At

1 I I
R/ = \/hg + R+ L 2\/1th3 + 02 (92 4 102 ) (4.58)

where the gap vanishes at edge of BZ (k = 7/2).
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(ii) At the center of BZ (k = 0) the model is quantum critical at

1 1 1
h3) = \/hg + g+ 00k 2\/Zhgﬁ + 1242 (t2 + ZJf). (4.59)

Ny

ha=0.6
{=1.4 m,=1: plateau phase e /1
Ji=1.0 e
207 | v=0.6 e ¢
T1-LL gaplesSh

| R

1.5 my=1/2: plateau phase
10/ s
ol I-LL gapless phase
I o
0.57
7 m,=0: plateau phase
o 02 04 06 08 10 >0

Figure 4.10: Phase diagram of columnar two-leg ladder in the (h-0) parametric plane.
All bold coloured lines are lines of quantum phase transitions separating five phases.

The phase diagram in Fig. 4.10 contains five quantum phases distinguished by
four phase boundaries (4.58) and (4.59). They are: the O-plateau gapped phase, first
LL gapless phase, mid-plateau gapped phase, second LL gapless phase, and saturated
gapped phase. As we drop the flux correction v = 0, the mid-plateau phase does not
occur in this ladder at zero staggered field (h, = 0) since the phase diagram only
contains two phase boundaries h! and h?. To make the qualitative agreement with the

numerical results [48,144], the flux correction term needs to be considered.

To qualitatively understand the five distinct quantum phases we can analyse the
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(@)

~h

Figure 4.11: Uniform induced magnetization m, vs uniform magnetic field h for differ-
ent values of (a) dimerization § at h, = 0 (b) alternating field h, at 6 = 0.5, and (c)
dimerization ¢ at h, = 0.6.
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variation of spectra and the fermionic filling on two branches E_, (k) and E__(k)
within the Brillouin zone (—7/2,7/2) for the different values of the external magnetic
field. As we increase the external field A from h =0 to h > hﬁ”, one can check that the
spectra E_ (k) and E__(k) evolve similarly to what was discussed above and plotted

in Fig. 4.4, with similar physical behaviour.

In addition to the dispersion relations, the nature of the different quantum phases
can be clarified from the study of the induced magnetization. Now, we can use the
explicit expression for the magnetization (4.49). Fig. 4.11 presents the plot of the
magnetization versus the uniform magnetic field for different values of the alternating
field h, and dimerization parameter 6. Here we numerically calculate the induced
magnetization at each point by using renormalized couplings which are determined

self-consistently from the mean-field equations given in the section 4.4.

Three sets of magnetization curves are plotted in case of the columnar ladder with
columnar field. Fig. 4.11c represents the magnetization versus applied field for h, = 0.6
at different values of dimerization. In this Fig. 4.11c, five distinct phases are observed
even without dimerization o = 0. It explains that the width of mid-plateau depends on
the 0 and h,, while the width of the zero-plateau phase is determined by the difference
of the dimerization and rung coupling J,. Another advantage of the present mean-field
approach is that, in case of h, = 0 (see Fig. 4.11a), it yields the magnetization plateaus,
and the LL gapless phases in agreement with the numerical results [144] shown in Fig.
4.12. In case h, = 0, the width of the mid-plateau phase is determined by the value of
dimerization 0. If 6 = 0, the middle plateau does not occur in this model, in agreement
with the plateau theorem and the numerical results of Kariyado and Hatsugai [144].
We calculate the critical fields shown by red and green arrows in Fig. 4.12 for 6 = 0.5

and 6 = 0. As one can see from Fig. 4.12, our mean-field results for the magnetization

135



is in good qualitative agreement with the numerical data. However, the calculated
values for the critical fields are about 20 — 30 percent apart from the numerical results,

which is expected for a mean field approach.

0.50

s
g

(J.[}{[)] H

0 ;11 0T

Figure 4.12: Numerical results for the magnetization of the columnar dimerized ladder
for 6 = 0,0.5 and J; = 1 taken from the Ref. [144] where A is the dimerization

parameter. The present mean-field results for K3 and B are shown by green/red
arrows for § = 0/0.5.

In the following, we study the effect of external magnetic field on the induced
magnetization for the different values of alternating magnetic field h,, see Fig. 4.11b. In
the 0-plateau region, the magnetizations are zero, and QCPs are seen at the boundaries
of the first LL gapless phase. By further increasing the field, the ladder undergoes
transition into the mid-plateau gapped phase. The width of the mid-plateau increases

with the alternating field h,.
4.3.3 Rung-dimerized ladder in columnar field (RC-ladder)

In this subsection, we study the ground state properties of a rung-dimerized ladder
with the columnar field. The general plateau theorem predicts the phase diagram with

three plateaus (0, 3,1) of the magnetization. Using Egs. (4.33) and (4.39), we obtain
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four energy eigenvalues,

J
B (k) = hat S {014 me) + et )

:I:\/t2 cos? k + {ha + % ((nmz Tt (1t mz,a)) }2 (4.60)

Two magnetizations m, and m., appear separately in Eq. (4.60) where the flux
correction term for this model is m, £ m,,. These two quantities change only the
magnitude of the dimerization and rung hopping parameters. From analysis of Eq.
(4.60) it is clear that corrections does not change the result qualitatively, resulting
in some minor modifications of phase boundaries. Then, the (4.60) becomes in the

following simplified form:

2
E¥ (k)=h+ %(ﬁ + \/752 cos? k + (ha + %Q) (4.61)

From the spectrum (4.61), we find the ground-state phase diagram of the rung
dimerized ladder in (h,d) the parametric plane shown in Fig. 4.13. It contains five dis-
tinct phases: O-plateau gapped phase, I-LL gapless phase, mid-plateau gapped phase,

II-LL gapless phase and saturated gapped phase. These four phase boundaries are:

(i) At

JLoN\2
hL/3) = \/ 2+ (ha + %“_) F féb (4.62)

the gap vanishes at the centre of the BZ (k = 0).
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Figure 4.13: Phase diagram of rung-dimerized ladder in the (h,d) parametric plane.
All bold coloured lines are lines of quantum phase transitions separating five distinct
phases.

(ii) At the edge of the BZ (k = 7/2) the model becomes gapless at

h¥Y = h, + %(n —6.). (4.63)

The ground state phase diagram of this model was investigated analytically and
numerically 56,138, 142,143,145 without alternating magnetic field (h, = 0). We are
not aware of the studies for the case h, # 0. In Fig. 4.14, we present numerical results
of Ref. [143] for the magnetization at h, = 0. The calculation of the critical fields are

done for the same parameters of ladder Hamiltonian via the mean-field approximation.

For a qualitative understanding of the phase transition in this case and structure
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Figure 4.14: Numerical results for magnetization of the rung dimerized ladder for

d =1/11, h, = 0 and J; = 11/4 adapted from Ref. [143]. The mean-field results for

hg/ Y and h((;l/ % are shown by red arrows.

of the gapped and gapless phases, we can analyse the branches F. (k) with magnetic

field. The results are similar to those discussed above in the context of Fig. 4.4.

In order to characterize different phases of the phase diagram via the induced
magnetization process with respect to applied uniform magnetic field h, we write its

explicit expression:

1 /2

“3 /. {Sign(E++)—i—sign(EJﬁ)+sign(E,+)—|—sign(E,,)}dk. (4.64)

my

The induced magnetization (4.64) is calculated numerically. Those calculations were
done with the renormalized couplings, determined self-consistently from the mean-field
equations. Fig. 4.15 presents the field-induced magnetization m. as a function of the
uniform magnetic field at different dimerization ¢ and alternating magnetic field h,,.

Fig. 4.14 presents the ground-state magnetization vs external field calculated via exact
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diagonalization at h, = 0 in Ref. [143] along with our mean-field results for the critical
fields h((?/ Y and hgl/ 3), shown by red arrows. The gapped plateau and the LL gapless
phases, found from our mean-field approach, are in agreement with their numerical
results. However, our values of the critical fields are about 20 — 30% apart from their
numerical values. In this case, the mid-plateau phase only depends on the strength
of dimerization ¢ (see blue curve in Fig. 4.16a for reference). In case 6 = 0, no

mid-plateau phase occurs as reported in [56, 141,143, 144].

m.
A°
1.0} R
B /I J
- Ry 4Vl
0gld=0 A
6 =04 « « « = "‘;//"/o‘
0635067~~~ R
3=08= -+ =| V.
I I' H
L =0.4 : :
04 '/ s
L =14 A
////
02f ;
[
W - . > h
0 1 2 3 4

Figure 4.15: Uniform induced magnetization m, vs uniform magnetic field h at different

values of dimerization. It demonstrates three plateaus m, = 0, %,1 in three gapped

phases, and they are connected by two continuous curves corresponding to two LL
gapless phases.

A. Effect of alternating field on magnetization curve:

In this subsection, we study the effect of alternating field on the magnetization
and the ground state phase diagram. At the weak alternating field h,, the model
is symmetric with respect to the applied fields A and h,, and the system obeys the
condition (4.1) of the plateau theorem for magnetization. In Fig. 4.15, we plot the

magnetization for h, = 0.4 and J, = 1.4 at different value of § and one can see that
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Figure 4.16: Uniform induced magnetization m, vs uniform magnetic field at (a) dif-
ferent h, < hf},ﬁ, and (b) different h, > h((fg They demonstrate either two or three
plateaus-gapped phases, depending on the applied alternating field applied h,,.
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hq not only modifies the phase boundaries, but can also create the mid-plateau phase
even when 0 = 0. This property of h, was discussed in the previous subsections in the

limit of § = 0 for staggered and columnar ladders.

Upon further increase of h,, we find interesting physics of the rung-dimerized lad-
der. This case of dimerization is sensitive to the sign of h, since the spectra (4.61)
depend on h, not on h? as in other cases. That is why we also include the induced
magnetizations m, curves along the negative magnetic field h at different values of h,
(see Fig. 4.16). As we carefully checked for negative value of h,, the antisymmetric
magnetization curves are observed with Fig. 4.16. At h, = hf}g = 0.47, the mid-plateau
phase disappears and starts to re-appear from h, = th2 = 0.77. This kind of closing
and re-opening of the gapped phase with respect to alternating field h, constitutes
another quantum phase transition. Those numerical calculations of the magnetization
and alternating field are done by determining renormalized parameters self-consistently

from the mean-field equations. On the other hand, one can obtain explicit condition

J J 2
b= Lot |+ 10 <[ (b Zo) e (4.65

for vanishing the mid-plateau in the phase diagram. We can find this condition from

the critical fields (4.62) and (4.63), expressing in terms of the renormalized parameters.

As we see in Fig. 4.16a, the ground-state of the system is in the mid-plateau state
is in the lower alternating field. Further increasing the field h,, the width of the mid-
plateau region starts to decrease and it vanishes at the critical field of h, = hE}Q As
we increase the field hE}Q > hy > hfg, the quantum phase transition is observed by re-
appearing the mid-plateau region (see blue curve of Fig. 4.16b). As soon as the field
increases from field h, > hg?g, the zero-plateau phase vanishes and the mid-plateau

phase increases with the values of h,. By increasing the field (4.16b: red curve), the
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system re-gains the zero-plateau gapped phase. In fact, at this critical field, the system
possesses a quantum phase transition by re-opening the zero-plateau gapped phase. In
the mid-plateau and zero-plateau regions, anomalous behaviours are seen at different
critical fields. Based on our knowledge nothing is described as such peculiar property
of this model in the presence of alternating field h,. Beyond this critical field, the

magnetization curve always contains five phases in phase diagram.

4.4 Mean-field theory: technical details

We fermionize the spin ladder Hamiltonian (4.2) using the JW transformation (4.5).
There are different ways to introduce this transformation when we depart from a sin-
gle chain problem to the spin ladder (see, e.g., [23,39,83]). We use the snake-like
JW transformation path discussed in Chapter 1, which yields the following fermionic

Hamiltonian:

H= % Z [eii’“("){Ja(n)cL(n)ca(n + 1) 4+ Jycl (n)el (n + 1)} + h.c.

n,a

1

+2Ja(n) (a(n) = 5 ) (a(n +1) = %) + 20 (n) (i) - 1)]

1 1
s t 7 — 2 (n _ =
—1—2 zn: JJ_(TL){CI(TL)CQ(TL) + h.c. + 2<n1(n) 2) <n2(n) 2) } (4.66)
The interacting fermionic term in (4.66) is decoupled (see detail in chapter 1) by using
the standard decoupling [89] for the product of the two number operators (7,(l) =
cl ()eq(1). The decoupled mean-field Hamiltonian reads
1 &
H=2NC+ 5 Z {Ja(n) [e’%(") +2{cq(n)c! (n+ 1)) |cl (n)ca(n + 1)

n,o
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oy [ei‘i’m) — 2ea(n)caln + 1)>} ¢ (n)ch (n+ 1) + hec.
—Ja(n) [(1 = 2(ch(n + 1)ea(n + 1))l (n)ca(n)
+(1 = 2{ch ()ealm))eh(n + Dealn +1)] + 2ha(n)ch (n)ea(n)
+% > {1+ 2(cmcdm)lel (m)ea(n) + hue,

—(1 = 2(c}(n)ex (n)))ch(n)ea(n) — (1 = 2<C§(n)02(n)>)01(n)01(71)} (4.67)

The phase operator éa(n) entering in Eq. (5.65) is obtained from the path of JW
transformation shown in Fig. 1.1 and explicitly written in Eq. (1.13). This phase
operator @, (n) is treated as a quantized quantity ®,(n). Then according to the Lieb
theorem [149] the ground-state of the ladder is in 7-flux phase [147], which results to
ei®a(n) (—1)"*>~1. Once we introduce transverse magnetic field (4.4a) or (4.4b), the
induced magnetisation (4.68) shifts the band away from the half filling and the flux is
changed. We introduce the field induced magnetizations

(12 (myea(n)y = 4 T D T e (Staggered)

m, + (—1)"m,, (columnar)
with respect to the staggered and columnar fields respectively. To make the correction
to the flux per plaquette, we replace the phase factor (1.13) in Eq. (4.67) by its average

value:

<ei'~f>a(n)> _ <6i7rﬁa(n)eiﬂ'ﬁa(n+1)> = ((1 = 274(n))(1 — 274 (n + 1))) (4.69)
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Using (4.68) the flux correction (4.69) reads

() =m? —m?,

(4.70)

To simplify the calculation, we use the notation (e’ﬁ’a(”)) = v from now on, and

imposing all requirements on the Hamiltonian (4.67) amounts to the approximation

ePeM) x [(—1)mHel 4 ],
e 4 o(c (n)ch(n+ 1)) = [(=1)" L + 0] (1 + 2ta(n))

e — 2y (n)ea(n + 1)) = [(—1)"7 + 0](1 = 2Pa(n)),

where we introduced the mean field averaged parameters

K+ (=1)"*t%n, (staggered)

ta(n) = K+ (=1)"dmn, (columnar)

K. (rung)

P — (—=1)"*%n,, (staggered)

Po(n) =< P —(~1)"n,, (columnar) ;

P, (rung)

ty, (stagg/col)
ti(n) = (ar(n)cl(n)) =

ty+(=1)"011n., (rung).

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

The renormalized couplings (4.11) - (4.23) are to be found from the sets of self-

consistent equations obtained from the minimization of the free energy for three dimer-

ization patterns. We present the equations for the case v = v, = 7, = 0. The sets of
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the mean-field equations are quite different for three dimerization patterns, and they
are given in Appendix A. Based on the condition of plateau theorem for the magne-
tization, we rewrite the mean-field parameters and calculate them numerically (see.

Fig.4.17).

(1) Staggered pattern with staggered field (SS-ladder):

1(1 —sign(F_y))dk (4.76)

tp [Tsin?k

K=— (1 —sign(E_4))dk (4.77)
4m Jo §
1 [Tsink Jy
on = el SH; ((5 sin k + T> (1 —sign(E_.))dk (4.78)
t, = % é(é sink + %)(1 —sign(E_,))dk (4.79)

(2) Staggered pattern with columnar field (SC-ladder):

= [ ({143 LD (1) D g

tr

—/ﬂ/zcos k[i 1 —sign(E_4)) +
£, gniLy—4

K=
a7 J,

;_ (1 — sign(B__))] dk (4.81)

— 4—R/ sin? k’ £+ JLR)(l—&gn(E +))

1 Jin .
§—_(1 - ﬁ) (1- s1gn(E__>>}dk (4.82)
1 Jin\ (1 —sign(E_,)) Jir\ (1 —sign(E__))
b= [(R+ ; ) ‘. —(R— ; ) ; ]dk; (4.83)
where we have used
R= /12, + &% sin® k (4.84)
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(3) Columnar pattern with columnar field (CC-ladder):

o [ (10 T (1 ) s
0

Mza = o AR €+ £+
1 2 2 2 .2 QtR 2 ']J2_R . 9
o, [ttt w2 (5 S )
1 —signF_
X (1 —signB) + {tR((3082 k + v*sin’ k) (4.86)
&+
Cootafe  Jie o\ 1 (1 —signE )
v I (5R + A sin k)} c }dk (4.87)
on = L /ﬂ/Q Hé (sin® k + v? cos* k) + UQ(S_R <t2 4 ﬁ cos? k)}
Ar(1+v?) Jo " R\'" 4
1 —signE_
% ( sS1gn +) + {5R(Sin2 k+ '1)2 C052 k’)
&+
d J? 1 —signE__
—UZER (t% + f cos? k:> } ( szgn qdk (4.88)
tL = in " [{1 + 1 <h2 + 02 (t% sin? k + 62 cos? k)) } (1 —signF_,)
81 Jo R\ oF R R £,
L 20412 w12 5 9 (1 —signE__)
R (A ) ) e e CUN CE)

where we have used

1 1
R= \/ hnd? o+ u2{tga;g B sin? k + 03 cos? k)} (4.90)
4) Rung dimerization pattern with columnar field (RC-ladder):
(4) g p
ek Jo, \ (1= sign(E_}))
mz,a - % o |:(h'aR + TtJ_R> £+
Ji, (1= sign(E_))
+<hm - Ttm) 5 }dk (4.91)
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K = i—i 07r/2 cos? k[“ - Sig;(E”) 1= Siinw))} dk (4.92)
=g [ (o 2ot L)

(o — Zot,) 1 Sig;(E“))} dk (4.93)

i = ﬁ /0 v [sign(E_+) - sign(E__)] dk. (4.94)

From the numerical solutions of the above mean-field equations (4.76)-(4.94) of various

A

A

Figure 4.17: Representative behavior of mean-field parameters (4.76)-(4.94) calculated
for given parameters in the (a) SC-ladder, (b) RC-ladder, (¢) SS-ladder, and (d) CC-
ladder.

dimerization patterns and evaluation of the renormalized couplings, we find that the
renormalized and bare values differ by the factor of unity. It is important to distinguish

between those four sets of couplings for making comparison i.e., phase boundaries, gap
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values, etc, with numerical simulations. However, to study the qualitative physical
properties of the phases, and the phase transition between them, it is quite convenient
to present results directly in terms of the renormalized parameters, as it is mostly done
in this thesis. The sets of the mean-field parameters of various models are presented
with respect to the external magnetic field h, are presented in Fig. 4.17. In the limit
h = h, = 0 these above equations agree with those we use for the dimerized two-leg

ladder in chapter. 5.
To summarize

In this chapter, the two-leg spin-1/2 ladders with two fields and three dimerization
patterns are analyzed at zero temperature. After the fermionization of the spin Hamil-
tonian by using JW transformation, the spin ladder maps onto the ladder of interacting
spinless fermions. The latter are treated within the Hartee-Fock mean-field approxima-
tion, which allows us to obtain effective quadratic Hamiltonians. Their renormalized
parameters are related to the bare coupling as defined as the mean-field equations. In
zero fields h = h, = 0, the effective mean-field Hamiltonian recovers MF Hamiltonian
obtained in [35]. The mean-field renormalized parameters are numerically calculated

from the sets of self-consistent equations found from minimization of the free energy.

The ground-state phase diagram and the critical fields follow straightforwardly
from the solution of zeros of spectra of the effective fermionic Hamiltonian in the
parametric space for each of the four dimerization patterns: SC, SS, CC, RC. The SC,
CC, and RC ladders have rich phase diagrams, and they consist of four critical fields
with five distinct phases: 0O-plateau gapped phase, I-LL gapless phase, mid-plateau
gapped phase, II-LL gapless phase, and saturated gapped phase. In case of SS ladder,
the ground-state phase diagram has only three phases with two critical fields and no

mid-plateau gapped phase occurs.
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By using the single particle dispersion relation, eigenvalues of the effective Hamil-
tonian, the quantum phases and critical fields were studied. The field-induced uniform
magnetization m, is calculated for each value of the external field h with the renormal-
ized couplings determined self-consistently from the numerical solutions of mean-field
equations given in section 4.4. The quantum phases of the four cases (SC, SS, CC,
RC) are quite distinct and can be classified by hte plateaus of magnetization in the
external field. As expected from the requirements of the plateau theorem (4.1), three
magnetization plateaus m.,=0; %; 1 were found in SC, CC, and RC ladders, while the
SS-ladder demonstrates only two magnetization plateaus m,=0,1. To take into ac-
count the contribution of the magnetic field, we extended the requirement of the flux
theorem [149] and introduced the flux correction term v. In most of the cases this

correction leads to numerical changes only, while for CC-ladder it is indispensable to

reproduce the qualitatively correct results which agree with the plateau theorem.

The columnar field h, brings new qualitative physical results in the staggered lad-
der. The existence of the mid-plateau state reported for the first time, is an indication
of appearance of a new spin gapped phase in this type of model. In CC and RC lad-
ders the columnar field h, only modifies the phase boundaries of the phase diagram. In
the RC ladder two new quantum phase transitions are predicted for mid-plateau and

zero-plateau gapped phases.

150



Chapter 5

Anisotropic-Dimerized Two-Leg

Ladder

In this chapter, we study the quantum phase transition (QPTs), and ground-state
properties of a more general spin-1/2 two-leg ladder than discussed in chapter 4. We
consider anisotropic dimerized ladder (v # 0, § # 0), while we turn off the uniform
and staggered magnetic field h = h, = 0. As we show in this chapter, in these ladder
models the quantum phase transitions occur for both types of dimerization patterns:
staggered and columnar. These spin ladders are mapped onto spinless fermionic ladders
by a judiciously choosen JW transformation along with HF approximation, which are

equivalent to the Kitaev-Majorana fermionic ladders.

To make the study of the quantum phase transitions and the phase diagram more
effective, we relabel the ladder fermionic operators of effective mean-field Hamilto-
nian onto chain operators along the snake-path. The local (Landau) orders and the

non-local brane order parameters (BOPs) are obtained from two sectors of dual Hamil-
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tonians, which are decoupled by using the spin duality-transformations of the effective
Hamiltonian. All local and BOPs are found analytically for the ladder with staggered
dimerization, while the columnar ladder needs to be treated numerically in dealing

with the Toeplitz determinants.

In order to analyse the qualitative picture of physical properties of phases, tran-
sition between them, local and non-local orders, it is convenient to present analytical
results directly in terms of renormalized couplings. Those renormalized parameters at
each point in the v axis are determined self-consistently by calculating the mean-field

parameters of mean-field equations.

5.1 The model, mean-field, and single-particle Hamil-
tonian

In order to analyse various aspects of the conventional Landau and topological order,
we propose a modulated dimerized spin-1/2 two-leg ladder. The spin Hamiltonian of

anisotropic two-leg ladder is

7= {Ja(n)Sa(n) Sa(n+1)+ Jy [sg(n)sg(n +1)
—5Y(n)SY(n + 1)] } + 7Y Su(n) - Sasi(n). (5.1)

The intrinsic dimerization and anisotropy are assumed along the chains only, with the
rung coupling J, taken as a constant. All the spin exchange couplings are antiferro-

magnetic. The two possible dimerization patterns shown in Fig. 4.1a and 4.1b are

defined in Eqs. (4.3a) and (4.3b).

As explained in chapter 4, the spin ladder (5.1) will be treated within the HF
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approximation along with the JW transformation. Relegating the technical details to

section 5.5, the spin model is reduced to the quadratic effective fermionic Hamiltonian

Har = 5 3 (1" (Jun(mel (n)ca(n +1) + Ta(m)ch(m)ch (n+ 1) + hec.)

n,x

53 Tian) (el m)es(n) + he.) +2NC, (5.2)

We have introduced the renormalized couplings (4.7), (4.8), and
Jiw=Ji(1+2t), (5.3)
along with the renormalized model’s parameters (4.13)- (4.16). The constant term is
C=K?— P>+ 6 (> —n) +26°(Kn + Pn,) + %Jﬂfi (5.4)

The definitions and the self-consistent equations for the mean-field parameters entering
above relations are given in section 5.5. There, we also present formulas and numerical
results for the mean-field parameters and renormalized couplings, and their relations
to the bare parameters of the microscopic Hamiltonian. In the following, we will be
working with the effective Hamiltonian (5.2) and we use notations, canonical transfor-
mations, and Fourier transform as done in chapter 4. Thus, we rewrite the Hamiltonian
(5.2):

H=2NC + % > ULH(E), (5.5)

k

where even and odd sectors of fermions are unified in the spinor
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with the wave numbers restricted to the reduced Brillouin zone BZ k € [—n/2,7/2]

and we set the lattice spacing a = 1. The 8 x 8 Hamiltonian matrix H (k) reads

B
HE) = | . (5.7)

The explicit form of the 4 x 4 matrix A depends on the dimerization pattern. For the

staggered case

A ur ool
A, = S (5.8)
%JLH —-U
where
. 0 tcosk +10sink
U= . (5.9)
tcosk —idsink 0
For the columnar pattern
A Ul
A, = 2 (5.10)
i1 —U

. Vo0
B = . , (5.11)
0 —vT
where
R 0 ,cosk —iysink
= ! K . (5.12)
—Ygcosk —iysink 0

The staggered anisotropy 7, is absent in the bare Hamiltonian, but it could be induced
by the mean-field equations. The actual values found from the mean-field equations
are very small in the interesting range of the parameters, so v, will be discarded in the

final results.
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5.2 Spectra, phase diagram, and dual models

5.2.1 Staggered ladder

The 8 x 8 Hamiltonian matrix (5.7) (see Eqgs. (5.8) and (5.11)) has eight eigenvalues
:tEi:t(/{Z>, where

2

B (k) = \/(va +1)2cos? k + ((7 + 6)sink + %) . (5.13)

From Eq. (5.13), we infer that the model is gapped in general, however the gap

J
A:‘yiéi% (5.14)
at the edge of Brillouin zone k = 7/2, vanishes on the lines of quantum critical transi-
tions shown in Fig. 5.1:

Py:i‘éi% , (5.15)

when three relevant perturbations ¢, , .J, cancel, rendering the model gapless. The
phase diagram of the isotropic (7 = 0) dimerized ladder and quantum phase transitions,
accompanied by non-local order parameters in this model, were actively studied in
the literature [19, 34, 35,47, 48, 51, 53, 54,99, 150]. The anisotropy (v # 0) renders
model’s phase diagram richer: phases with non-local (brane) orders are found along
with conventional antiferromagnetic phases. To the best of our knowledge, these results

were not reported before.

To understand the nature of different phases of the phase diagram in Fig. 5.1,

it is convenient to relabel the ladder fermionic operators of the effective mean-field
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Figure 5.1: Phase diagram of the anisotropic staggered two-leg ladder. Non-vanishing
brane and local order parameters are shown in nine regions from A to I of the (d,7)
parametric plane. The voilet/red lines v = £(§ + g—j) are the lines of quantum phase
transitions (gaplessness)
Hamiltonian (5.2) according to the snake-like path shown in Fig. 4.2. This yields
1 N
Hyp = 2 Z { —(t— 5)6217162“& + (t+ 0)chcarn

=1

+V(_CT C]QLHz + cllcll+1) + ‘]Lc;[lﬂcﬂ} + h.c (516)

20—-1

In terms of the Majorana operators [37,151],
2¢b = agn + ibyn_y (5.17)

Hamiltonian (5.16) maps onto a sum of two decoupled quadratic Majorana Hamiltoni-
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ans (Kitaev-Majorana chains) defined on the even and odd sites of the snake-like chain
shown in Fig. 4.2:
Hyp,=H,+ H. (5.18)

where

7
H, = Z Z { - (t - — 5>b21+1a2171 + (t + v+ 5)b2171a21+1 + JJ_b2171a2171}- (519>

N
Z { t +v— 5)[721 I (t -+ 5)b21a21 + JLbQL 2a21} (520)

=1

ms.

To advance our analysis, we make an inverse JW transformation of the above Hamilto-
nians from the Majorana operators to new dual spins represented by the Pauli matrices
7. Using the path of Fig. 4.2, to relabel the original ladder spins o, the sequence of
the transformations from the original spins to Majoranas and then to dual spins reads

. _ ~T ~m
0n0n+1 - an—lan—l—l = Tpn-1Tp+1 (521>

olol | =ibya, = 7. (5.22)

The dual spins 7 obey the standard algebra of the Pauli operators, and they reside
on the sites of the dual lattice, which can be placed between the sites of the original

lattice. Then the odd and even Hamiltonians (5.19) and (5.20) become

N
! = ~z
O - ZZ{ t+7+5 2l 1 2l+1 - (t_7_5)7—§}z 17—21+1+JL7'21_1} (5.23)
I=1
1 N
Zz{t"‘V 0)Ta oTaTors + LT oTon + (=7 +0)75 ). (5.24)

=1
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Making use of the canonical transformation

7—2xl—1 = 7:;;717 (525&)
o = (D', (5.25b)
T = (=)', (5.25¢)

we bring the odd sector of the effective Hamiltonian to the form of the XY chain in a

staggered transverse field:

—_

N
ZZ{t_F’Y_I_(S 21121+1+(t_7_5>7—2yl 17_2yl+1 ( )JJ_ Toy_ 1} (526)
=1

To simplify the even sector of the Hamiltonian, we follow the same steps as above, and

then perform an additional dual transformation to ji-spins defined as:
%le. 2~x /’L2l 2 (527a>

7_22; = /]’gl—2ﬂgl7 (527b)
followed by the canonical transformation analogous to (5.25a)-(5.25¢). As a result, we
obtain the even Hamiltonian in a convenient form of the XY chain:

N

1 x x 2
He=7 > A +y =0 i+ (¢ =y + )it + (=1 gl L} (5.28)
=1
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5.2.2 Columnar ladder

We diagonalize the 8 x 8 Hamiltonian matrix (5.7), (5.10), (5.11)) and find four two-fold

degenerate eigenvalues +F(k), where

2

1
EL(k) = \/(% +t)2cos?k + (\/(52 sin? k + ZJE + wsink>

(5.29)
The spectrum (5.29) has the gap
A= 7i\/52+iﬁ (5.30)
at the edge of the Brillouin zone k = 7/2, which vanishes when
v = 6%+ }lJf. (5.31)

These curves of quantum criticality (phase boundaries) are plotted in Fig. 5.2. Anisotropy
(v # 0) brings some new physics contrary to the “plain vanilla” case of the isotropic
(v = 0) columnar-dimerized ladder, which is always gapped and locked in the same

phase [34,35,53].

Using relabelling according to the path in Fig. 4.2, and transformations explained
in detail in the previous subsection, the effective mean-field Hamiltonian (5.2) for the
columnar pattern is mapped onto a sum (5.18) of two decoupled even and odd quadratic
Majorana Hamiltonians (Kitaev chains) with

Ho = Z {(t - <_1)l5 - '7)b21+1a21—1 + (t - (_1)l5+’7)621—1a21+1 + JLbZL—chQl—l} (532)

=1

| =
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Figure 5.2: Phase diagram of the anisotropic columnar two-leg ladder. Non-vanishing
brane and local order parameters, topological winding numbers are shown in three

sectors C, G, and I on the (6, ) parametric plane. The bold red lines v = 44/% 4+ %Ji
are the lines of quantum phase transitions.

N
Z { - 5 + ’7)621 2loi4s + (t - (_1)15 - V)bzzazz + JJ_b2172a21} . (5-33)

=1

»Jkl»—‘

In their turn, the Majorana Hamiltonians can be transformed to the dual spins, as
defined above, yielding two equivalent decoupled dimerized XY chains in the staggered

transverse fields:

N
1
ZZ{ - (S+’Y> To1—1 2z+1+<t_<_1)15_7)7—2y1 17_2yl+1 ( )JJ_ To1— 1} (534)

~
—

Z {(t - (_1)l5 +’7):ulzvl—2:u§l + (t - (_1)15 - 7)”31-2:“31 + (_1)l‘]L:U’§l—2}' (535)
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5.3 Phases and their order parameters

5.3.1 Staggered ladder

In the previous section, we worked out the mean-field approximation for the staggered
ladder to map its Hamiltonian onto a sum of two decoupled dual XY chains (5.26) and
(5.28). The phase boundaries (5.15) shown in Fig. 5.1 are deduced from the fermionic
spectrum (5.13). Fig. 5.1 can now be more easily reproduced from superimposing on
the (d,v) plane the phase diagrams of the even and odd XY chains (5.26,5.28). The
information on phases and order parameters of such chains is given in Appendix B. The
dual order parameters (expressed via 7 and p operators) for each of the nine regions
(A-I) indicated in Fig. 5.1, are presented in Table 5.1. From Hamiltonians (5.26) and

(5.28) we easily establish the symmetry of the staggered ladder:

d — —0: even <> odd, T+ pu (5.36)

v o= =y even<rodd, T, Ty (5.37)

After relabelling ladder’s sites according to the path shown in Fig. 4.2, the brane
operators introduced in the chapter 1 can be represented via string operators defined

along a given path (say P) as

Oi(n) = H ol i=x,y, 2. (5.38)

I<n,leP

We also introduce a short-hand notation for the product of two sting operators

Dii(L,R) = O;(L —1)O(R) = ﬁaf, (5.39)

=L
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Table 5.1: Order parameters in terms of dual and original spins for nine regions of the
phase diagram of the staggered ladder shown in Fig. 5.1.

Region T order 1 order o order | N,
(odd sector) (even sector)

A (T2) (y) 0.3 0
B (Tz) O, My -1
C (Ta) (thz) O.4 -2
D O, () My -1
E <Ty> <:u35> 02,3 0
F <Ty> Oz“u my, 1
G <Ty> <Ny> Oz Z 2
H OZ,T <My> my 1
I (@ 0., 0.1 0

such that its average yields the string-string correlation function

Now we will find explicitly the order parameters in four regions (A,B,C,I) of the phase
diagram in Fig. 5.1, while the rest of the phases can be done using the symmetry (5.36)

and (5.37), without calculations.

Region (A): The dual magnetizations are found using (B.11):

2/t J2q1/4
T, X 2 __ 2 Yl
(i) o () = g (040 = ] (5.41)
2/t J2q1/4
Y,y 2 _ o 2“1
</’LO/’L2N> NHO; <,uy> —t i |'Y — 5| [(’Y 5) —4 i| (542)

Using the duality transformations (5.21,5.22,5.27a,5.27b) we can relate the two-point

correlators of the dual spins to the string-string correlations functions of the spins o
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as:

T Tones = Daa(2,2N + 1), (5.43)
popsy = Dyy(2,2N +1), (5.44)

resulting in the z-string order parameter in this region of the phase diagram

<7_1:C7—2IN+1/L%)/#Z2JN> = (_1)N©ZZ<2a 2N + 1) — iOE,B

O.5 = () {hy) - (5.45)

Note that the above string correlator is equivalent to the odd-odd z-brane correlation
function (1.43): ©.. S (B; B 5), so O, 3 defined by Eqgs. (5.45,5.41,5.42) is an exact

value of the brane order parameter. It is plotted in Fig. 5.3(b) along the path (2)

shown in Fig. 5.1.

Region (B): The dual order parameter of z-components of y strings residing in the

even sector, is easily obtained from Eq. (B.15):

N
JE/A—(y =0 14
gz ) —s 02 = L (5.46

The duality (5.21,5.22,5.27a,5.27b) yields

N
[1# = Dea(1.2N +2)) (5.47)
=0

so the overlapping dual orders amount to a conventional antiferromagnetic order of the
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Figure 5.3: Order parameters of the staggered ladder along two paths indicated in
Fig. 5.1. (a): § = 0.2 (path 1); (b): 06 = 0.8 (path 2); ¢ =1 in both cases

original spins ¢ in this phase:

N
(i L[ mi) = (ofoiy.n) — £mi (5.48)
=0

where the explicit formula for magnetization m, = (7,)0.,, is given by Eqs. (5.41,5.46).
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Region (C): The dual magnetization is readily found in this case as:

2Vt J? 1/4
TE N ()2 = —————[(y =8 = ==+ 5.49
oz o )™ = 5[0 = 90" = ] (5.49)
We use the duality transformations to find
/’LOI/’L‘Z’I:N = U?O-Qnyy(27 2N + ]‘>O-2xN+1O-2xN+2 Y (55())

and then we define the order parameter of this phase from the limit of the overlapping

dual correlators as

<7_12:T2IN+1/JJ(Q):N§N> - <_1)N<0ngDZZ<37 2N>U;JN+10-2IN+2>
— +(0.])?,
0.1 = (7)) - (5.51)

Such quite tricky order parameter O,|Y is obtained from the limit of the correlation
function of two z-stings which both have ¢¥ and o* spins attached to their right ends.
Those strings with attachments are the chain representations of the brane operators
with edge attachments defined by (1.44). Curiously enough, such tricky order param-

eter is given by a simple analytical expression from Eqs. (5.41,5.49).

Region (I): We use Eq. (B.15) from appendix to calculate the dual 7*-string order
parameter:
. . S/ —(y+ 82 qia
<HT;_1> — 0% = |~ (5.52)
Nooe J1/4— (v +0)* + 12

=1
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and the duality transformations to get

N+1

[I7. . =Dy1.2N+2). (5.53)

The order parameter for this phase is found then as

N+1
(TL7 i) = (CD¥'D(L2N +2) — 2072,
=1

Oz 1 = Oz,TOz,u . (554)

)

Thus all order parameters for each phase of the phase diagram of the staggered
ladder are found analytically as closed expressions in terms of the (renormalized) cou-
plings of the model. To visualize the results of this subsection, the local and non-local
(brane) order parameters are plotted in Fig. 5.3 (a,b) along two paths shown in Fig. 5.1.
Note that in the limit J L — 0 the antiferromagmetic phases shown in Fig. 5.1 vanish,
although single chains are known to be antiferromagnetically orderd in the regions (C)
and (G) [35]. This proves that the brane order parameters probe the long-range order

in both directions: along the chains and along the rungs.
5.3.2 Columnar ladder

The effective Hamiltonian of the columnar ladder is mapped onto two equivalent dimer-
ized XY chains in a staggered transverse field (5.34,5.35). Contrary to the previous
case, the columnar ladder has identical spectra in the even and odd sectors, resulting
in the two-fold degeneracy of the eigenvalues of the Hamiltonisan (5.29). As a con-
sequence, the phase diagram of this case is simpler, since there are no regions in the
parametric space where different orders in the even and odd sectors overlap, resulting

in larger variety of phases in Fig. 5.1. The phase diagram of the staggered ladder
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consists of only three phases of the chain (5.34) (or (5.35)), where the same even/odd

order parameters coexist, see Fig. 5.2.

The region (I) of the phase diagram in Fig. 5.2 has its the counterpart on the phase
diagram of the staggered ladder, discussed above in detail. The string order parameter
of this phase is:

0.1=0.,0,,=02, (5.55)

The order in the phase (C) is the brane parameter with the edge spin attachments:

O:ff = () () = (7a)” (5.56)

and for the phase (G) parameters are obtained from x < y. The equivalent even and
odd sectors of the dual Hamiltonian lead not only to the degeneracy of the spectrum,
but also, as one can see from (5.55,5.56), to the change of the universality class of the
lines continuous phase transitions in the columnar ladder (bold red lines in Fig. 5.2). In
the effective free-fermionic approximation used in this paper, the order parameters of
all phases of the staggered ladder have the critical index § = 1/8 (2D Ising universality

class), while for the order parameters (5.55,5.56) of the columnar ladder 5 = 1/4.

For the dual chains (5.34,5.35) with dimerization no analytical results for the mag-
netization or the oscillating string order parameter are available. The parameters (7,)
and O, ; are calculated numerically from the Toeplitz determinants, using the results
for the generating functions and the Toeplitz matrices given in [37]. The order param-
eters of the columnar ladder calculated from the Toeplitz matrices of the size 140 x 140

are plotted in Fig. 5.4. The calculations are done along the path indicated in Fig. 5.2.
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X

Figure 5.4: Brane order parameters in the columnar ladder along the path indicated
in Fig. 5.2. The tails seen near the critical points are finite-size effects: the results are
obtained numerically from 140 x 140 Toeplitz matrices.

5.4 Topological numbers

After mapping of the effective fermionic Hamiltonian of the staggered (columnar) lad-
der onto the pair of decoupled XY chains (5.26,5.28) and (5.34,5.35), respectively, the
calculation of the winding numbers can be done using the earlier results for the XY
chain in transverse field [37]. In particular, the four eigenvalues E, (k) (5.13) of the
8 x 8 Hamiltonian matrix (5.7) of the staggered ladder, correspond to the two pairs of

eigenvalues of the anisotropic even and odd XY chains with the anisotropy parameters
Yoje = 7 +6 (5.57)

and the alternating transverse field J, /2. The degenerate spectrum £, (k) (5.29) of

the 8 x 8 Hamiltonian matrix of the columnar ladder corresponds to the eigenvalues of
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the two equal dimerized XY chain with the alternating field J, /2.

The fermionic representation of the even/odd sector of the staggered Hamiltonian

yields a 4 x 4 matrix analogous to (5.7) with 2 x 2 blocks:

. tcosk J/2
A= L/ , (5.58)
Ji /2 —tcosk
and
A —iy,sink 0
B, = , t=e,o. (5.59)
0 1Yy sin k

For the Hamiltonian of this type the winding number is defined as the following integral

over the Brillouin zone [104,152]:

1 w/2 .
Nyy=— dk[Ox IndetD,] , (5.60)

277-@ 771./2

where D,(k) = A(k) + B,(k). To avoid ambiguities related to the definition of the
phase of detD,(k) at the ends of the Brillouin zone [37], one needs to check whether
the path of detlA)ﬁ(kz) on the complex plane encloses the origin during the integration.
The latter happens if detD, (47 /2) and detD,(0) have different signs. The winding

number for the ladder is found as
Nw = Nw,e + Nw,o ) (561>

and its values for each phase are given in Table 5.1 for the staggered dimerization.

Another angle of analysis can be presented upon analytical continuation of the wave

numbers on the complex plane: e = z. Then the winding number (5.60) becomes
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the logarithmic residue of detD, :

(X

d .
Ny, = 7{ 22 5. IndetD, . (5.62)
|z|=1

It accounts for the excess of the number of zeros over the number of poles (weighted
with their degrees of multiplicity) of detDti inside the unit circle on the complex plane
[105]. The zeros of detD are also zeros of the spectra Ey of the XY chain, since
(ELE_)? = detDD?. Any change of winding number means that a root (roots) crossed
the unit circle |z| = 1, which signals a quantum phase transition [106, 153]. Foe the
Hamiltonians (5.26,5.28) we find

detD,(z) = —%(2’ — 2z )(z—22), (5.63)

where z4 are the roots of the quadratic equation

(1= )22 +2(1 =2+ J2/2) 2+ (1 +7,)2 = 0. (5.64)

For the columnar ladder the contribution to the winding number (5.61) from the
even and odd sectors (5.34,5.35) trivially doubles. The 2 x 2 matrices A and B are
given in [37] with h, = J, /2. A calculation similar to the one above, yields the winding
numbers for the three phases of the columnar ladder shown in Fig. 5.2, equal to their

counterparts of the staggered ladder given in Table 5.1.

5.5 Mean-field theory

We fermionize the spin ladder Hamiltonian (5.1) using the JW transformation. There

are different ways to introduce this transformation when we depart from a single-
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chain problem to spin ladder (see, e.g., [23,65,83,85]. We use the snake-like JW
transformation path discussed in chapter 4 (see Fig. 4.2) and proved to be convenient
to deal with the two-leg ladder. This transformation yields the following fermionic

Hamiltonian:

+2J,(n) (ﬁa(n) - %) <ﬁa(n +1) — 1)} + ! Z {JJ_('TZ)CI(TL)C2(H)

2., (n) (s () - %) (alm) - 3)} +hee. (5.65)

The phase operators @a(n) appearing in Eq. 5.65 are explicitly given in (1.13).

We treat the interacting terms in (5.65) via standard mean-field decouplings (1.22)

and (1.23). The decoupled Hamiltonian reads

H,»=2NC + % Z {Ja(n) [ei‘i}“(”) + 2{ca(n)ch (n + 1)>}0L(n)ca(n +1)

Iy [0 — 2 eq(m)caln + 1) chm)ch (n+ 1)}

+%JL ST+ 2t e (m)es () + e (5.66)

n

According to the Lieb theorem [149] the ground state of a quadratic fermionic Hamil-
tonian on a bipartite lattice at half-filling is the 7w-flux phase. Imposing this require-

ment on the approximate Hamiltonian (5.66) amounts to the approximation e®=(™ ~
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(—1)"to=1 thus

4 4 2 (ca(m)ch(n+ 1)) = (<114 2t0(n) (5:67)

™ ey (n)ca(n+1)) = (=1)"" (1~ 2P,(n)), (5.68)
where we used the mean-field averaged parameters (4.73), (4.74) and (4.75) for two

dimerization patterns: staggered and columnar.

The renormalized couplings (4.13)-(4.17) are to be found from the set of self-
consistent equations obtained from minimization of the free-energy. We present the

equations for the case v, = Y,z = 0.

The sets of the mean-field equations are different for two dimerization patterns.

(1) Staggered dimerization:

Minimization of the ground-state energy evaluated from the spectrum (5.13) yields

the bond average

B tR 7T/2

47,

1 1 1 1
dk cos® k‘{ + + + } (5.69)

K
E.. E, E. E_

and the dimerization susceptibility n

1 [7/? 1 1 1 1 1 1 1 1
5 = — dk sin? k{é ( ) ( - )
17 47T 0 st r E++ + E+, +E,+ + E,, +7R E++ + E+, E,+ E,,

Jir ( 1 1 1 1 )}
+2Sink3 E++ E+_ E_+ + E__ ' (570)
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The anomalous pairing amplitude is found as

1 [ 1 1 1 1 1 1 1 1
S L o)
), e\ e e s )T\ B BB, B

J 1 1 1 1
foLn ( —— ) } (5.71)
2sink\E,, FE,  E_, FE__

and the transverse bond parameter is:

1 [/ 1 1 1 1 1 1 1 1 1
fo=— dk{—J ( ) 5, i k;( - )
S 2\ B TE, B, B )TN B TE L, TR

1 1 1 1
i k( . . )} 5.72
B Vo Y R N (5:72)

(2) Columnar dimerization:

Minimization of the ground-state energy with the spectrum (5.29) yields the fol-

lowing set of the mean-field equations:

=2t [Cakstn{(+ )+ RE (LoD e
I A (e B LA R

where R = \/ 62 sin? k + 1J%,. In the limit J;, = 0 the above equations agree with
those we used for the XY Z chain [38].
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Figure 5.5: The ratios of the renormalized couplings with respect to their bare values
calculated from the mean-field equations. The parameters are calculated along two
paths of constant § for the staggered ladder (a,b) and one path of constant ¢ for the
columnar ladder (c). The paths resemble those shown in Figs. 5.1 and 5.2, but taken
on the plane of bare parameters (4,).
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From numerical solution of the above mean-field equations and evaluation of the
renormalized couplings (4.13)-(4.17), we find that the renormalized and the bare values
differ by a factor of order of unity. It is important to distinguish these two sets of cou-
plings for making quantitative comparisons of, e.g., phase boundaries, gap values, etc,
with the numerical simulations. However to study the qualitative physical properties
of the phases, transitions between them, the local and non-local order parameters these
phases possess, it is convenient to present results directly in terms of the renormalized
parameters, as it is done in this chapter. The ratios of the renormalized and bare

parameters of the model calculated for several cases are presented in Fig. 5.5.

5.6 Isotropic two-leg ladder

In this section, we present the results of the isotropic two-leg ladder with intrinsic
dimerization (v = 0, § # 0). In this model, most of the analytical methods such as: two
dimensional JW transformation, HF approximation, and spin duality transformation of
previous section can be used to analyze the local and non-local (topological) phases of
the phase diagram. The isotropic limit (7 = 0) of dimerized ladder has been actively
studied analytically and numerically [19-21, 34, 47, 48, 50-56], so the results of this
section in particular serve to show the proposed mean-field theory is consistent with

available numerical results.
5.6.1 Model and mean-field Hamiltonian

We write the spin Hamiltonian

H=>"3 Ja(n)Sa(n) -Sa(n+1)+J. Y Sa(n) - Sati(n). (5.77)
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with two dimerization patterns (4.3a) and (4.3b) , where the dimerization only consider

along the chains o = 1,2 [35].

Critical properties of dimerized ladders are known from analytical and numeri-
cal studies: [19,34,47,48,50,51,53,54,99] the staggered ladder undergo a continuous
quantum phase transition and is gapless on the line of quantum criticality, while the
columnar ladder is always gapped and does not correspond any transition. We also in-
fer from [34,35,53] that the mean-field approximation for this model is quite adequate
even quantitatively. So we apply this approach to map the spin ladder model onto a
problem of effective quadratic fermionic Hamiltonian. The latter will be utilized to
study analytically the critical properties of two dimerizations, calculation of SOPs and

topological numbers, similarly what we have done before for exactly solvable chains

and ladders.

We map the spin Hamiltonian (5.77) onto spinless fermions via JW transformation
(4.5) taking along the snake-like path as shown in Fig. 4.2. The phase term appearing
on the fermionic Hamiltonian is determined by the path of JW transformation and
it is exactly same as (1.13). On the other hand, the interacting fermionic terms in
the Hamiltonian are decouples by applying more generalized HF approximation [89].
We will approximately treat the phase as a good quantum number. This quantum
validity of this approximation was confirmed in earlier related work [35, 53, 58, 83].
Then according to the Lieb theorem [149] the ground state of quadratic Hamiltonian

is in the m-flux phase [147]. Thus the mean-field effective Hamiltonian reads

H,» = 2NC + %{ S (=) n(n)eh (n)a(n + 1)

n,a

+3" Tia(n)] (n)CQ(n)} 4 hee. (5.78)
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where we have used renormalized couplings (4.7) and (4.9) along with the renormalized

model’s parameters (4.13) and (4.14). The constant term is
2 | 2 L.
C=K*+0 77(77+2/C)+§JgfL (5.79)

The renormalization parameters ¢, and 05 are to be determined self-consistently from
the minimization of the mean-field Hamiltonian (5.78). In fact those parameters were
calculated in the previous section by determining the mean-field parameters at each
points from the self-consistent equations. This mean-field Hamiltonian provides essen-
tially the same results for the ground state quantities such as energies, eigenvalues,
gaps, renormalized parameters and the phase diagram for the both staggered and
columnar ladders [35] with some minor numerical differences. Thus, in the following
these renormalized terms are treated as bare model parameters of the effective Hamil-

tonian (5.78).
5.6.2 Spectra and winding number
1. Staggered ladder

To further simplify the effective Hamiltonian (5.78) one can perform a canonical trans-
formation mapping (4.30). Introducing instead of ¢, two distinct fermions residing on

the even/odd sites ¢, . /o and Fourier transforming, we rewrite the Hamiltonian as

1
H yr = 2NC + 5 ; UIH (k)W (5.80)

where even/odd sectors of fermions are unified in the spinor

W) = (el o(k), ] o (k). oK), ch o (R)), (5.81)
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and 4 x 4 Hamiltonian matrix #H(k) of the staggered phase

oT LI
H(k) = |, (5.82)
s I U
with
. 0 tcosk +idsink
U= . (5.83)
tcosk —idsink 0

Here the wavenumbers restricts to the Brillouin zone k € [—7/2,7/2]. This Hamilto-

nian (5.80) has four eigenvalues +£FE, (k) where

2
EL(k) = \/t2 cos? k + (5 sin k £ %) . (5.84)

The spectrum has the gap
J
A= ‘H?L' (5.85)

Similar to the XY chain, two relevant perturbations cancel on the lines of quantum
critical transition

L= 1, (5.86)

where the staggered two-leg ladder becomes gapless. (A more refined mean-field treat-
ment of this model’s phase diagram and comparison to numerical results can be found
in [53]. The present version of the mean field numerical results has very accurate phase
diagram [51].) From comparison of the eigenvalues of the ladder’s effective Hamilto-
nian (5.84) and those of the XY chain in the alternating transverse field (see Eq.(6) of
Ref. [35]), we can infer the equivalence between the spectra of those models, and even

match corresponding parameters: %J | <> h,and § < 7.

To calculate the topological winding number N, in different phases of the staggered
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-0

Figure 5.6: Phase diagram of the staggered two-leg ladder in the parametric plane
(J1,0). The violet/red lines J, /2 = +¢ are the lines of quantum phase transitions
(gaplessness) separating two phases (B) and (A,C) characterized by their distinct SOPs
and winding numbers.

ladder we use a unitary transformation to bring the Hamiltonian matrix H (k) of Eq.

(5.5) to the block diagonal form
H(k) = (5.87)

familiar from the context of topological insulators and superconductors [24,27], where
bh_(k) = 61(—]1’) Explicitly the operators b (k) are

1
b (k) = tcos koy — (5 sin k + 5@)02, (5.88)

and their eigenvalues are given by Eq. (5.84). Using eigenvalues (5.84) to yield the
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unit vector (2.91a) and (2.91b), we get from the definition (2.92)

1 [/ 0 £ xsink
Ny =— dk 5.89
- 27r/_7r/2 cos?k + (0sink + k)2’ (5.:89)
where we denote
J
&:—f. (5.90)

One can check that N, = N_. The result for the winding number N,, can be cast in a

simple form

1
N,=Ni+N_ = §[Sign(6 — K) + sign(d + k)] (5.91)

We have shown the winding numbers for each phase on the phase diagram of the stag-
gered ladder in Fig. 5.6. (Recall that we analyze the ladder with antiferromagnetic
couplings.) The complimentary order parameter N, changes by AN, = +1 on the
phase boundaries k = £9. The sectors (A) and (C) correspond to the same topologi-

cally nontrivial phase.
2. Columnar Ladder

In the columnar ladder the explicit form of the 4 x 4 Hamiltonian matrix H(k) is

T
H(k) = . (5.92)
1 -U

and it has two fold degenerate eigenvalues +FE(k) where

1
Ek) = \/252 cos? k + §2sin’ k + ZJE (5.93)
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Contrary to the staggered case, the columnar ladder is always gapped with the gap

/ 1
A=1/02+ lei’ (5.94)

and no phase transition occurs on the whole plane (0, k). As in the case of staggered
dimerization, from the Ref. [35] (i.e., see Eq. (6)) and Eq. (5.93) we can establish
equivalence between the spectra of the effective Hamiltonian of the columnar ladder

and the dimerized XY model in the alternating transverse field: %J 1< h; 0+ 0.

The columnar phase is trivial not only in the sense that it is always gapped and
noncritical, it is also trivial topologically, since no integer winding number can be as-
signed to this phase. Indeed, if we identify the opposite ends of the Brillouin zone, then
the wavenumber % is defined in the space equivalent to the one-dimensional sphere S*.
This is also the space spanned by the two-component unit vector (2.91a) and (2.91b)
of the staggered phase. The nontrivial winding number for that phase corresponds
to the homotopy group 71(S') = Z. As one can see from (5.93) the analogous unit
vector is three-components in the columnar phase, and it spans the space S?. The
corresponding homotopy group is trivial 71(S8?) = 0 and no integer winding number

exists, since any closed loop on the sphere §? can be shrunk [154].
5.6.3 Brane order parameters

In order to analytically calculate the BOPs, we relabel the fermionic operator of effec-
tive Hamiltonian (5.78) along the snake path shown in the Fig. 4.2. In the following
we find two types of BOPs, i.e., even/odd as definde in (1.39) and (1.40) (see Fig. 1.3
for detail). By using the relation of Majorana operators (5.17) and transformations
(5.21) and (5.22) in the previous section, the effective mean-field Hamiltonian (5.78)

for the staggered pattern is mapped onto a sum of two decoupled even and odd dual
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Hamiltonians.

H=H.+ H,
1 N
He= 3 ) 10wy om + (8= ) omsimsis + (£ + 0)73] (5.95)
=1
1 N
Hy= 3 D (407517 — (6= O)mhymhhy + Jumi ). (5.96)

=1
The QIM with the three spin interactions (5.95) in the even sector of the Hamiltonian is
discussed in the appendix C. The odd sector (5.96) is the XY model in the transverse
field with the anisotropy parameter v = 1/6. From the Hamiltonian (5.96) we easily

establish the symmetry z <> y; 0 — —0.

In our earlier work [34,35] we took the definition of the SOP for ladders which was
proposed by Kim and coworkers [16] and used also in other works [19]. In this paper
the ladder SOP renamed as BOP and it is calculated via the brane-brane correlation
function as defined in chapter 1. The even and odd BOPs defined below have a clear

connection to the even/odd sectors (5.95) and (5.96) of the Hamiltonian.

To calculate the first BOP, we define the string operator (5.38) along the path

shown in Fig. 4.2. In so doing, we obtain the even BOP:

2N
2 1 _1\N T\ _ x_x
02, = lim (~1) <kr_[lak> (i) (5.97)

Note that the string chosen allows to incorporate in principle all spins of the ladder in
the calculation of O, .. Let us now choose another string for the operator (5.38) shown

in Fig. 5.7. In such case, we obtain the odd BOP:

2N—-1
02, = lim (~1)¥( I1 of) = (ri7in-) (5.98)
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1 4 5 8 9

Figure 5.7: String used to define the odd BOP for the two-leg ladder.

We calculated the order parameter of the three-spin Ising chain (C.1) in appendix

C. Using the results presented there we obtain:

J2 a2 /8
0,. - [m} /20 2 1 (5.99)
The odd BOP can be calculated from the results of Barouch and McCoy [96]
0 J1 /26| > 1
O0 = 1/20] (5.100)

£1/4 /%[52_Ji/4]1/8 |J, /28] < 1.

To make the behavior of the even and odd BOPs more visible, we present BOPs O, .,
O, and O,, as functions of dimerization parameter ¢ in Fig. 5.8. Their explicit
expressions (5.99) and (5.100) are calculated at each point in the dimerization axis and

plot them accordingly.

In agreement with earlier results [16,19,34,35,84] we find that the even and odd
BOPs are mutually exclusive (see Fig. 5.8 for detail: O,,/ are mutually exclusive
in positive ¢ axis and both are simultaneously vanishing at d.). They detect hidden
Zs Q) Zs symmetry breaking [30] and ordering in the even or odd sectors of the dual
Hamiltonian. Note that contrary to its even counterpart, the string for the odd BOP

misses two sites at the opposite ends of the ladder. The order probed by O,, is
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Figure 5.8: BOPs O, /., analytically calculated from Egs. (5.99) and (5.100) on the
phase diagram shown in Fig. 5.6. These are calculated along ¢ axis at J, /2 = 0.5

topologically nontrivial, since it corresponds to nonzero winding numbers. According
to conventional wisdom [24], there are zero Majorana modes at the ladder’s ends in
this phase. We indicate the order parameters on the phase diagram of the staggered
ladder in Fig. 5.6. From the behaviour of the gap (5.85) and SOPs (5.99) and (5.100)
near the lines of the phase transitions k = 40 we find the critical indicies v = 1 and
f = 1/8 of the 2D Ising universality class, but now their values are the artifact of the

effective free-fermionic approximation.

Analysis of the columnar phase is done similarly. The sites of the columnar ladder
are labelled along the JW transformatio path in Fig. 4.2. The Majorana representation
of the columnar Hamiltonian (5.2) can be mapped via transformations (1.28) and
(1.29) onto dual spins. Again the dual Hamiltonian spilts into even and odd sectors
H®! = Hel+ He! where the odd term is the Hamiltonian of the dimerized X X (y = 0)
chain in the alternating field (see. Eq. (1) of Ref. [35]), while the even term corresponds

to its dual model which is the Ising chain in the alternating transverse field with the
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three-spin interactions. Since these models are always gapped (see Eq. (5.94)) and do
not undergo any phase transitions, we will not discuss the properties of the columnar

phase in more detail.

Note a very remarkable property of the effective Hamiltonian (5.2): for both dimer-
ization patterns it decouples into the reciprocally dual even and odd sectors H®/¢ =

t/col t/col
stieol . prst/el ynder

Haet = g5l 6. these Hamiltonians map onto each other H

the duality transforamtion (1.28) and (1.29).
To summarize

In this chapter, spin-1/2 two-leg ladders with anisotropy and two dimerization pat-
terns are analyzed at a zero temperature. After the fermionization is done via the JW
transformation, the spin model becomes equivalent to the ladder of the interacting
spinless fermions. The interacting fermionic model is treated within the HF mean-field
approximation, which allows us to obtain quadratic effective fermionic Hamiltonian.
Its renormalized parameters are related to the bare couplings of the microscopic Hamil-
tonian. (Some examples of the numerical solutions are given in Appendix. A). In the
isotropic limit v = 0, the effective mean-field Hamiltonian recovers the MF Hamil-
tonian obtained in [35]. This effective mean-field Hamiltonian is further transformed
into the sum of the two decoupled Majorana Hamiltonians, which is in their turn are
mapped via an inverse JW transformations onto a sum of two even/odd XY quantum
chains in the alternating fields, even without anisotropy. The decoupled Hamiltonians

H.,(H = H. + H,) commute, so the averaging in the even and odd sectors factorizes.

The ground state phase diagram of the ladder follows straightforwardly from the
solutions of zeros from the eigenvalues of the effective fermionic Hamiltonian in the

parametric space for each of the two dimerization patterns. The same results are
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obtained with more physical insight from the mapping of the ladder onto a couple of
dual spin chains. The analysis is based on our understanding of the spectrum and
the ground-state phase diagram of the XY chain in the alternating transverse field:
the diagram consists of two conventional magnetic phases, and a phase with a non-
local oscillating string order. The phase diagram of the staggered ladder then follows
from the superposition of the orders in the dual even/odd XY chains. In the case of
the columnar dimerization, the two dual XY chains are equivalent, so the columnar
ladder has an extra degeneracy of the spectrum, universality class, and a less rich phase
diagram which coincides with that of a single dual (even or odd)chain. On the other
hand, the isotropic staggered ladder mapped onto two dual exactly solvable models:
XY chain with the uniform transverse field and the Ising chain with the tree-spin

interaction.

The ground-state phase diagram of the staggered ladder consists of nine phases,
four of them are really distinct, while the other five can be obtained from the sym-
metries of the model. The dual order parameters are worked out back to the order
parameters of the original spin ladder. The staggered ladder possesses four phases
with conventional antiferromagnetism (m,, = 0), three phases with z-brane orders,
and two phases where the order parameters are z-branes with the pair of spins ¥,
o¥ attached to the edge. Since we were able to find the exact results for the local
and string order parameters in the XY chain with alternating field (see appendix B),
all the magnetizations and the brane order parameters for the staggered ladder are
found analytically as a function of the renormalized couplings of the effective mean-
field Hamiltonian. The isotropic staggered ladder only has four phases in a positive

plane where two (even/odd) mutually exclusive brane-order parameters are detected.

In the case of columnar phase, the ground-state phase diagram does not possess
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magnetic long range order since it only demonstrates the brane order. The order
parameters of the three columnar phases are presented in table 5.1 and have their
counterparts among the brane-order phases of the staggered ladder. Since the effective
Hamiltonian of the columnar ladder maps onto two equivalent XY chains with alternat-
ing field and dimerization, no analytical results are available for the order parameters
in the latter case. The brane parameters of the columnar ladder are calculated numer-
ically from the Toeplitz determinants. The isotropic columnar ladder does not contain

any order parameters since it is always gapped.

The calculation of the topological winding number N, is straightforward after the
effective Hamiltonian is mapped onto the even and odd XY chains. It was done for
all phases and also for both the dimerization patterns. An interesting conclusion is
reached when N, is written as a logarithmic residue on the complex wave number
plane: a change of winding number can only happen when a root (or roots) of a zero
energy crosses the unit circle |z| = 1 on the complex plane. The latter is the condition
for the quantum phase transition [106,153]. In this sense, the winding number is a

complementary parameter to characterize the different gapped phases.
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Chapter 6

Conclusions

The phase diagram and the order parameters of modulated anisotropic spin-1/2 XY
and XYZ chains, and the two-leg ladders in the presence of the uniform and staggered
magnetic fields were analyzed. The main motivation of this work was to further ad-
vance the framework incorporating nonlocal order into an extended Landau paradigm.
For a large class of quantum spin or fermionic problems we are interested to deal with,
the effective Ginzburg-Landau Hamiltonian is a quadratic fermionic Hamiltonian. In
general, such Hamiltonians are already the results from some of the mean-field ap-
proximation [34,35,38,53], but there is a considerable number of interesting physical

problems where they are microscopic Hamiltonians of the models.

We started our analysis from the noninteracting fermionic model. The XY chain
is a dimerized Kitaev chain with a modulated chemical potential, which was initially
introduced and studied [63] as a dimerized XY chain in the uniform and staggered
transverse fields. The model has rich phase diagram (see Fig. 2.1) which contains

three possible local order parameters (components of magnetization) and non-local
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string order parameters. All the possible phases and conditions of phase boundaries

are found from the zeros of the spectrum.

We need to stress once again that there is no insurmountable difference between
the local and nonlocal (string) order parameters. Using judiciously chosen duality
transformations, we show that a SOP can be identified as a local order parameter
from some of the dual Hamiltonian. Sometimes (example: zero field), this can help to
easily calculate the SOP in the dual framework, sometimes (example: nonzero field)
not. However, it is important to understand the principle. For the general case when
all model parameters are nonzero, we were able to define the duality transformations
reducing the SOPs to local "dual” orders, but it did not always result in technical

simplifications in the calculations of SOPs.

The local and non-local order parameters are expressed via the string correlation
function of the Majorana fermions, where the Bogoliubov transformation allows us
to express those two-point Mojarana correlation functions. The latter are calculated
as asymptotes of determinant of the block Toeplitz matrices. The calculated magne-
tizations m,, (local-order parameters) smoothly vanish at the corresponding phase
boundaries via the second order phase transitions. We have established the nature of
order in the topological phase lying inside the circle in Fig. 2.1. In this phase, the
string order appears to be oscillating with a period of four lattice spacing, which was
not reported before for this model. In some cases, the asymptote of determinant of
Toeplitz matrices can be found explicitly [118], and then one will proceed to get the
algebraic expression of the order parameters. For the general case, we have not been
able to do so. The generalization of Szego’s theorem for the block Toeplitz matrices
appeared to be a quite challenging mathematical problem [115,116]. However, this is

a simple numerical calculation, and they are successfully done in our work for chains
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and ladders.

In the zero field limit i.e., h = h, = 0, the model’s fermionic Hamiltonian is mapped
by a duality transformation onto 1D QIMs, residing separately on even and odd sites
of the dual lattice. As follows from the duality mapping, the dimerized XY model
possesses the hidden Zy ) Zo symmetry, and nonzero SOPs are due to the spontaneous
breaking of the Zs symmetry in the even and odd sectors of the dual Hamiltonian. In
this limit, the hyperbolic phase boundaries shown in Fig. 2.2 reduce to two lines
v = 44 as plotted in Fig. 2.9. This phase diagram contains topologically trivial phases
where the even and odd SOPs are coexist along with the conventional long-range order
(magnetization). There are also topologically nontrivial phases without a conventional

order, where only even and odd nonlocal SOPs exist.

The extended Landau framework we developed is shown to work well for the several
exactly solvable models. We used it also for dimerized XYZ spin-1/2 chain with the
uniform and staggered transverse magnetic fields. The model is treated within Hartee-
Fock approximation. This quadratic effective fermionic Hamiltonian expressed in terms
of six renormalized couplings dressed by the interaction. Those renormalized couplings

were calculated self-consistently from the minimization of the energy.

The main result obtained for the XYZ spin chain is shown in Fig. 3.1, and its local
and string order parameters. The representative numerical results for the latter are
plotted in Fig. 3.6. As discussed in the non-interacting model, the topological phase
consists of an oscillating string order with the period of four lattice spacing. A detailed

analysis of the patterns of this string order was given.

The U(1)-symmetric XXZ limit of the model was given a special consideration.

It was demonstrated that the present approach respects the LSM theorem and its
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implications. In particular, plateaus and h-independent parabolic lines were revealed
in various physical quantities, most notable, in the uniform axial magnetization, in
accordance with the general arguments [60,61,131]. The appearance of the integer-
valued and IC fermionic fillings, responsible for qualitatively different behaviour of the
physical parameters in the gapped and gapless phases, can be qualitatively related
to the presence of flat band in the effective single particle spectrum. Turning on the
anomalous U(1)-symmetry breaking coupling v # 0, rounds the flat band and smears
plateaus of magnetization and other step-like parameters. The IC (LL) gapless phase
with the algebraic order of the power-law decaying correlations, is unstable versus any
v # 0, transforming into gapped phases with spontaneous planar magnetization (m, ,,
depending on the sign of ). The topological order, which we associate with oscillating
SOP, evolves continuously (albeit not smoothly) through the v = 0 line inside the
circle on the (h, ) plane, without gap closing, vanishing order parameters, or changing

topological winding number.

To further advance the extended Landau formalism in an interacting ploblem, we
studied the two-leg spin-1/2 ladders. The fermionization of ladders was done via the
2D JW transformation. These two-leg ladders with anisotropy and three patterns of
dimerization were analyzed in the presence of the uniform and staggered transverse
fields. In the fermionic representation, the staggered/columnar ladders are equivalent
to Kitaev ladders with dimerized hopping along the chains, modulated chemical po-
tential and superconducting pairing, while the rung dimerized ladder fermionizes onto
the Kitaev ladder with dimerized hopping along the legs and the modulated chemical
potential. Interacting fermionic models were treated with the HF mean-field approx-
imation, which allows us to obtain an effective quadratic fermionic Hamiltonian. Its
renormalized couplings are related to the bare couplings of the microscopic Hamilto-

nian.
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The ground-state phase diagrams of the isotropic ladders are found in the (h,J)
parametric plane for each of the three dimerization patterns with the proper modulated
magnetic fields. The ladders with three dimerization patterns in columnar field contain
five distinct phases, three of them are plateaus gapped phases, while the other two
possess LL gapless phases. In case of a staggered ladder with the staggered field,
the phase diagram only contains the three phases: 0-plateau gapped, LL-gapless and
saturated gapped phases. The field-induced magnetization is calculated at each value
of the magnetic field with renormalized couplings. Those calculations and plots were
done separately for SC, SS, CC, and RC ladders. Our results agree with the plateau
theorem (4.1) for the magnetization and earlier results [60,61] for the special case of
zero staggered field. To make the qualitative agreement with those numerical results,
we proposed the generalization of Lieb theorem and incorporated flux correction to our

equations.

Addition of h, # 0 for SS and CC ladders only modifies the positions of the phase
boundaries. The existence of the mid-plateau gapped state for the SC-ladder is an
indication of appearance of the new spin gapped phase. More interesting physical
phenomena is observed in the RC-ladder, where another phase transition occur by
closing and re-opening of the O-plateau and mid-plateau gapped phases as increasing

ha. The representative numerical results for this case are plotted in Fig. 4.16.

More progress in analytical calculations was achieved in the zero field limit h =
he = 0, when the effective mean-field Hamiltonian can be mapped via inverse JW
and duality transformations onto a sum of two even/odd XY quantum chains in the

alternating transverse fields.

To explore the physical nature of the quantum phases predicted to occur in the

anisotropic spin ladder, we introduced and calculated the corresponding brane order
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parameters. The duality between the effective mean-field Hamiltonian of the ladders
and their pair of decoupled XY chains allowed us to calculate the brane order parameter
as a product of the two independent order parameters in the even/odd XY chains and
relate those brane orders (hidden) to the symmetry breaking in dual spin chains. The

order parameters for all the phases are collected in Table 5.1.

The staggered ladder possesses four phases with conventional antiferromagnetism
(ma, # 0), three phases with the z-brane order, and two phases where the order
parameters are z-branes with the pair of spins 0%, ¢¥ attached to the edge. Since we
were able to find the new exact results for the local and string order parameters in the
XY chain with an alternating field (see appindix B), all the magnetizations and the
brane order parameters for the staggered ladder are found analytically as functions of
the renormalized couplings of the effective mean-field Hamiltonian. The ground-state
phase diagram of the columnar ladder does not possess magnetic long-ranged order,
and only demonstrates the brane order. No analytical results are available for the
order parameters in this ladder. The brane order parameters of the columnar ladder

are calculated numerically from the Toeplitz determinants.

In the isotropic limit v = 0, we find the two mutually exclusive (even and odd)
SOPs for staggered ladder, where one of the SOPs probe topologically trivial phase,
while the other corresponds to the topologically nontrivial phase. The columnar is not

very interesting, since it is always gapped and does not undergo phase transitions.

In this work, we have also calculated topological winding number N, for all phases
of the above discussed models. An interesting conclusion is reached when N, is written
as a logarithmic residue on the complex wave number plane: a change of a winding
number can only happen when a root (or roots) of the zero energy crosses the unit

circle |z| = 1 on the complex plane. The latter is the condition for the quantum
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phase transition [106,153]. In this sense, the winding number is a complementary
parameter and it does not provide additional information which is not encoded in the

complex roots of the model’s spectra, or in its Lee-Yang zeros, when the temperature

is finite [153].
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Appendix A

Mean-field parameters with flux
correction v :

The following four sets of mean-field parameters are found from the minimization of
energy of sets of isotropic two-leg ladder discussed in chapter 4. We explicitly present
those equations

(1) Staggered pattern with staggered field (SS-ladder):

e = o / (L sign(E_.)dk (A1)
K= m /OW %{(1 — 0?)(ty — v8,) cos® k
+o smk(((sR —wty)sink + %) }(1 — sign(E_))dk (A.2)
n— m /OW %{U(l ) (b — v6,) cos k
+ sink((éR —uty)sink + %) }(1 ~sign(E_))dk (A.3)
t, = ﬁ Oﬂ %((% —uty)sink + %) (1 — sign(E_))dk (A.4)

(2) Staggered pattern with columnar field (SC-ladder):

=l [ (1 ) U)o
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1 [ [<R+ JLR> (1 —sign(E_4)) (R_ JLR) (- Sign(E))]dk (A.6)

=0 2 £, 2 £
K — ﬁ /OW/2 [{ (b — 000 cos? k + 08 — vt)
(1 + ‘;—R> sin? k’}; (1—sign(E_,)) + {(tR — v8y) cos? k
+0(0n — vtR)< ‘;zj) sin? k} é (1 — sign(E_ ))]dk (A7)
on = ﬁ /Om Hv(tR — vdg) cos® k + (8 — vty)
X (1 + %) sin? k}§+ (1—sign(E_y)) + {U(tR 8, cos? k
6~ t) (1~ %) sin’ £} ; (1 — sign(E_))| dk (A3)

where we have used

R= \/h (6r — vtg)2sin®k (A.9)
(3) Columnar pattern with columnar field (CC-ladder):

oo = e [ (1 T L (T LTI

2

K= ﬁ /OW/Z [{tR(COS2 k+v?sin®k) + v R ((52 J4 sin k)}

X(l _SlggnEJr) + {tR(COSQk+U2 Sin2 k) (Al].)
J’_
J2, (1 —signE__)
2 4
R(5 1 —% sin k)} £ }dk (A.12)
th /2 (5 2 J2
577—M/0 {ulsin® k407 cos” k) + 07 R(t + 5t costh) |
ASE) s et
J’_
WOnfy I (1 —signE__)
_ R(t + — 1 L cos k;)} < }dk (A.13)
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_ Jin 2 Lo 2042 (in2 2 a2 (1 —signE_,)
tL_g i [{1+E<hGR+U(tR51n k + &7, cos k))} .

1 1 —signE__

{1 _ (th +02(t2 sin? k + 62 cos? k)) } (1 = sign )]dk (A.14)
R &+

where we have used
1 1
R= S, o {nm s et s e} (A

(4) Rung dimerization pattern with columnar field (RC-ladder):

1 [/ J1 (1 —signE_,)
Mza = % o [{h’aR + 7 (mz(SJ_R + tJ_R(l + mz,a))} €+
n (1 —signE__)
+{han = S (mebin+tiall +mea)) } c [ ax (A.16)
1 /2 JJ_
N A Fma)? —m?) /0 [ mea) {5 (a0 s0) 4+ 01m: ) |
X <1 — SlgnE_+) - (1 + mz,a){haR - é (tJ_R(l + mz,a) + 6J_Rmz)}
& 2
X (1= szgnE__) — m,(signE_, — signE,,)} dk (A.17)
St = ! /”/2[_ (s 2 (a1t ) + 62m.))
1L = 471'((1 + mz7a)2 _ mg) o m, aR 9 1r mza LR
(1 —signE_,) J1
X §+ mz{haR 7 (tLR(l + mz,a) + 5J_Rmz> }
(1= S‘an) + (1 + M) (signE_y — signE__)} dk (A.18)
g ™2 ((1—signE_,) (1 —signE__)
K= | cos k;{ . + c }dk (A.19)

We present the full version of the constants appeared in the mean-field Hamiltonian
(4.6) in three dimerization patterns with two types of magnetic fields:

C* = (1 + (v)2> (’C2 — P2+ 8%()* — n}) + 26°(Kn + Pnp))

—26(v) (/@ — P+ 8 (0" —n2) + 2(Kn + Pw))
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CITC

CSC —

e

1 J 1

—qm2=m2 ) (14 5) + St

(14 @) (k2 = P2+ 82(* — n2) +26*(Kn + Pry))
—25(v) (lc2 — P2+ 0% (" —n}) + 2(Kn + Pnp))

L (1 + ‘]L) - (1 - ﬂ) + %Jﬂfi

4 2 4 2
( ) ( — P2+ 0% (n* —n2) 4 26°(Kn + Pnp))
R G R AR IR

1 1 1
—K2_p2_ (1 + £> + - <1 — £> + §<]L5mzmz,a

4" 2 2" 2

+= JL(m + 1+mza ><t2 +5L77L+25inlti>

+Jj_mz 1 + m a <t2 + 53_773_ + 2771-151—)
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Appendix B

Duality of two transverse-field XY
chain models and their order
parameters

In this appendix, we will present the canonical transformations to map the spin-1/2
XY chain with a uniform transverse field onto the chain in a stagggered field. This
mapping is used to get analytical results for the order parameters.

First, we find explicit expressions for the longitudinal magnetizations m,, in the
chain with a staggered field. It is an interesting and useful result, since a brut force
calculation of such parameters in a chain with two lattice-space periodicity, amounts to
evaluation of limiting values of the determinants of 2 x 2-block Toeplitz matrices [37].
The latter problem seems to be a quite hopeless for analytical calculations [115,116,
155], but it is well amenable via mapping onto the chain with a uniform field, as shown
below.

Second, we calculate for the first time the string order parameter in a closed form
for the XY chain in a uniform transverse field. Using the mapping we get the explicit
formulas for the oscillating string order parameter in the topological phase of the
staggered model, bypassing a problem of block Toeplitz matrices.

Since the effective mean-field Hamiltonian of the two leg ladder maps onto a sum
of two XY chains in the alternating field, as shown in the main text of the chapter 5,
the results of this appendix allow us to find analytical expressions for the brane order
parameters of the staggered ladder.

The Hamiltonian of the XY chain in uniform transverse field is defind as:

h

N
J T _x
R D (L 2 o
n=1

199



In this appendix we return to the use of dimensional units and restore the exchange
coupling J. The properties of this model (B.1) are well known [96,111]. Its spectrum
is

E(k) = J\/(% — cos k)2 +~2sin® k (B.2)

with k € [—7/2,7/2]. In the range |h/J| < 1 the model is anti-ferromagnetically
(J > 0) ordered: (0f0%,,) — +m?2 as n — oo, with the spontaneous longitudinal

magnetization
2 hy 2\ Y 1/4
2 2

when v > 0. At v < 0 the order changes: m, <+ m,. In the polarized phase |h/J| > 1
(the phase diagram is symmetric with respect to the sign change of the field) only
induced magnetization m, is present. However one can notice [37,38] appearance of
a continuous monotonous z-string order parameter O, defined from the limit of the
string-string correlator

R
O.(LB)= lm < nHL ag> L 0? (B.4)

To find O, we apply the standard techniques to calculate Toeplitz determinants using
the Szego’s theorem [118]. The result is expressed via two roots Ay of the model’s
spectra on the complex momentum plane:

s LA - s
02 = [ TR T } , (B.5)
where - -
)\i:h/Ji V(h/J)2+y —1’ (B.6)
T+~
yielding
s [ (hfJP—1 qia
0. = [(h/J)Q + % — 1} (B.7)

This z-string parameter, known also (up to irrelevant pre-factors) as the parity string
order parameter [68,97,156], vanishes at the boundary of the polarized phase with
the correct critical index of the order parameter, ie., O, o (h/J — 1)"/8. In the
isotropic limit v = 0 it becomes a plateau O, = 1 with a discontinuity of the phase
boundary [37,38], similar to the plateau of induced magnetization m,.

With the canonical transformations 5.25a-5.25¢ where 7 < ¢, we can map the
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chain (B.1) onto the XY chain with staggered magnetic field:

n-y

n=1

S (1) (B.5)

|

{43550, + (1= 3550, } +

where the corresponding parameters of two Hamiltonians are related as:

J = J,

,")‘/

:.\2"—‘

Ba - —. B.9

- (B9)
The dimerized XY chain with uniform and staggered fields was studied recently [37]
in great detail, so we can easily recover some key properties of the model (B.8) as
a simpler special case. The spectrum of the fermionized Hamiltonian (B.8) has two

eigenvalues

5 - | rh, 2
E(k) = J\/<7 + 4 sin k) +cos? k (B.10)

where the wavenumbers lie in the reduced Brillouin zone k € [—7/2,7/2]. Using the
correspondence (B.9), wavenumber shifts by +7/2, and the Brillouin zone unfolding,
one can establish the equivalence between the spectra (B.2) and (B.10), as well as an
equal number of eigenmodes in two spectra.

The model (B.8) has two different phases:

1: At he/J < # it has a local magnetic order 7,. Since 0% = &% and according to
(B.9): ha/J < # — h/J < 1, the phase r, # 0 of (B.8) corresponds to the phase
m, # 0 of (B.1). From (B.3) and (B.9) we can calculate the magnetic order parameter
in the staggered model:

1/4 -

~92 ~
m —(ha/ I} At F> /. B.11
= Geld) 3> ha (B.11)
The magnetization 7, at 4 < —h,/J can be calculated from the symmetry 7, (—3) =
1ty (7).

2: In the region —h,/J < 7 < hy/J the magnetization disappears, and non-local
order detected by non-vanishing oscillations of the string-string correlation function
D,. with a period of four lattice spacing is found from numerical calculations [37].
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This oscillating string order is parameterized as follows [37]:

(-H)m02,, L=1, R=2m
D.o(L,R) —— (-1)m02,, L=2 R=2m
—00
(-1)m*tt02,, L=1 R=2m+lorL=2 R=2m+]1

(B.12)
In a special case of zero dimerization in the Hamiltonian (B.8) under consideration,
the string correlator oscillates with a constant amplitude O, = O, 2 = O, 3 following
the pattern (++ ——) [37].

One can easily check that the region with the oscillating string order of the stag-
gered model (B.8) corresponds to the polarized phase of the uniform chain (B.1) at
|h/J| > 1. The uniform string order parameter (B.4) in that case is dual to the oscil-
lating string parameters of the staggered model. Indeed, since 62 = (—1)"0Z we can
easily establish relation between string correlators in two models:

@ZZ(L,R) = <_1)s®zz(LaR) ) <B13)

where s = (R+ L)(R— L+ 1)/2. Taking L = 1 we find the oscillating string order as:

9..(1, R) — (-1)"O0%?, R=2m (B.14)
zz\ 1y Rsoo (_1>m+1(f)3 ’ R B - + 1 .
with B .
ho/J)* — A 1/4 L
0; = [(}}(/j/)z)_ﬁj_i_l} at —he/J <5 <ha/J . (B.15)
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Appendix C

Transverse Ising chain with
three-spin interactions

The Hamiltonian of the Ising chain in transverse field with three-spin interaction is

defined as:
N
H = Z(Jafafﬂ + J30i_407 07, = hoy) (C.1)
i=1

The duality transformations (1.28) and (1.29) map the above Hamiltonian onto the
anisotropic XY chain in transverse magnetic field [157]. Most of basic properties of
the model (C.1) were analysed in [158] and later in [35,101,159]. The Jordan-Wigner
transformation of (C.1) yields the free fermionic model (up to an unimportant constant
term not showing here):

H = 2A(k)cfer — iB(k)(cle ), + cxey) (C.2)
k
where
A(k) = h+ Jcosk — Jscos 2k (C.3)
B(k) = Jsink — Jssin 2k, (C.4)

and c,t, ¢, are the respective fourier transforms of the lattice fermion operators cj», G
The Bogoliubov transformation

Nk = €08 Oy — i8in @kcik (C.5)

where the Bogoliubov angle O defined as tan20, = B(k)/A(k), diagonalizes the
Hamiltonian. The spectrum of the quasiparticles 7, 77;g is

E(k) = /A(k)* + B(k)?

203



= B2 T2 TE 4 20 (h— J) cos k — 2y cos 2. (C.6)

The model is gapless along the lines of quantum criticality h = J; & J, and for the
transverse fields within the range

Jg—J<h<J3—|—J (C?)

the model manifests the local long-range order [158] (magnetization) m, # 0. Our goal
is to calculate the order parameter m,. We will use the classical approaches [79,96,160].
More modern treatments and references can be found, e.g. in [118,119]. The fermionic
correlation function

Gl—m = z(blam) (08)

is defined in terms of the site Majorana operators (2.29). It can be calculated as the
Fourier transform

27 ng
_ Y ing
G, /0 e a) (C.9)

of the generating function

Glp) = \/M _ \/( (e —ay)(e? —a-) (C.10)

e —ay)(em® —a)

where

J £+ J?+4hJs
2J5

The spin-spin correlation function (o703, ) is given by the N x N Toeplitz determinant

[79]:

a4 =

(C.11)

G, G5 ... Gy
(ofoy) =| - e (C.12)
Gy Gno1 ... G,
Note that the singular points of G(y) satisfy aya_ = —h/J3, and within the mag-

netically ordered range (C.7) the first root is bound —1 < a_ < 0, thus for J3/h < 1
the inequality 0 < a;1~< 1 for the second root holds. The generating function can be
written as G(¢) = e*G(p) with

G(p) = \/(ew —ar e —a) (C.13)
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Then

2m d(,D ] 5 5
Gn = / LG (0) = Gy, (C.14)
0o 27

and the determinant (C.12) can be written in terms of G:

G[) G,N+1
Dy=| = 7 " | =Dy (C.15)

Since zeros/singularities of the generating function G(p){|a;!|,|e—|} < 1 lie inside
the unit circle z = € on the complex plane, the conditions for Szego’s theorem are
satisfied [118], and it can be applied for calculation of the limit N — oo of the Toeplitz
determinant Dy. The latter result is well known and reads: [118].

LR (1—ai*)(1—a?)q1/1
lim Dy = | | C.16
Combining all formulae together, we obtain the sought result:
: . J? — (Js — h)?q1/4
m, = i (o70%,) = [ J2 + 4hJs ] (€.17)

The above formula for magnetization is analytic in the whole locally ordered range
(C.7) across the line h = J;. The validity of the formula for the order parameter
(C.17) was checked by direct numerical calculation of the determinant (C.12) using
Mathematica.
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