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ABSTRACT 

Due to their unique properties, non-diffracting beams, such as Bessel beams, are increasingly 

used in various biomedical, imaging, research, and industrial applications. 

In this thesis, I present designs for two types of optical systems that generate nearly non-

diffracting beams. The first system produces a quasi-nondiffracting light sheet, while the 

second explores different methods for generating constant intensity, constant DOF, tunable 

range, Bessel beams. The motivations behind this work, potential applications of the devel-

oped systems, and a review of the relevant literature and background theory are discussed. 

The main proposed ideas to achieve these goals are also presented and analyzed. 

The research includes mathematical descriptions and numerical simulations of the developed 

systems. An experimental realization of the light sheet system is described, with the results 

presented and discussed. 

To generate the light sheet, we propose a setup comprising a laser, a telescope to expand and 

collimate the laser beam, a Powell lens to expand the beam in the spanwise direction, and a 

mask on a cylindrical lens. The mask, formed by a pair of double slits, works with the cylin-

drical lens to produce a thin, nearly non-diffracting light sheet. 

For generating constant intensity, constant DOF, tunable range, Bessel beams, we propose 

three optical systems. The first system consists of three refractive axicons: the first two ax-

icons create a nearly constant-diameter annular beam, and the third, a logarithmic axicon, 

generates a nearly constant intensity segment of light. The tunability is achieved by adjusting 

the distance between the first two axicons. 

The second system employs a newly designed optical lens to transform an annular beam into 

a Bessel beam with a constant intensity, constant DOF, and tunable range. 

The third system involves placing a ring aperture in front of a logarithmic axicon. The tuna-

bility is achieved by varying the mean radius of the ring aperture. 
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NOMENCLATURE 

ᾀ Distance between the input plane and the output plane 

ὼȟώȟᾀᴂ Coordinates in the aperture plane 

ὼȟώȟᾀ Coordinates in the imaging plane 

Ὗ Electric field 

ὃ Aperture area 

Ὑ Distance between two points: the first in the aperture plane and the second in 

the imaging plane 

ὲᴆ The normal vector at the aperture plane 

Ὧ Wave number 

ÃÏÓὲᴆȟὙᴆ Obliquity factor 

Ὅ Intensity (irradiance) 

ὐ Zero-order Bessel function 

Ὑᴂ Axicon radius 

Ὀ Beginning of the depth of field 

Ὀ  End of the depth of field 

ὅ Curvature for Powell lens 

ὗ Conic constant for Powell lens 

Ὑ Ring diameter 

Ὢ Focal length 

ὲ Index of refraction 

Ὓ Distance separating two regular axicons 

ὥ (i=1,2) Slit width 

Ὠ (i=1,2) Distance between a pair of slits  

ὡ  Waist 

Ὑ Inner radius 

Ὑ  Outer radius 

Ў Apodization parameter 

d Ring width 

 

 

 

 



 

 

xiv 

 

 

Greek Symbols 

‗ Wavelength 

 ‍ (i=1,2) Wave convergence angle 

‍ Refraction angle 

‌ Axicon base angle (axicon angle) 

• Phase transmittance 

•  Phase shift of the Powell lens 

•  Phase shift of the cylindrical lens 

 

Abbreviation 

DOF Depth of field 

Ὅ Intensity calculated with Huygens integral 

Ὅ Intensity calculated with Fresnel integral 

ὔὃὉ Normalized absolute error 

ЎὍ The absolute value of the difference between the maximum intensities calcu-

lated with and without the Fresnel approximation 

 

 



CHAPTER 1  INTRODUCTION 

 

1 

 

 

CHAPTER 1                  

INTRODUCTION 

1.1 Motivations 

 Non-diffracting beams have a broad range of applications, including microscopy, laser pre-

cision alignment, optical precision control, optical micromanipulation, optical communica-

tion, laser drilling, and more. Among the various types of non-diffracting beams, two stand 

out due to their numerous and important applications. The first type generates a non-diffract-

ing beam in the form of a light sheet. The second type produces a non-diffracting beam with 

a tunable depth of field (DOF). Depending on the specific application, this tunability can 

involve various DOF parameters, such as intensity, length, spot size, and range (also referred 

to as position or throw).  

1.1.1 Non-diffracting light sheets 

Light sheets have numerous applications, including microscopy, imaging, fluid flow visual-

ization, and particle imaging velocimetry. Light sheet microscopy (LSM) is a rapidly emerg-

ing technique that enables imaging of small and large specimens, both in vivo and ex vivo, 

in two and three dimensions. This method is particularly valuable for visualizing and under-

standing various biological phenomena. LSM offers significant advantages over traditional 

microscopy techniques, such as confocal and widefield microscopy. It enables selective il-

lumination, minimizing background photobleaching and photodamage. Additionally, LSM 

allows the decoupling of the illumination and detection arms, enhancing imaging flexibility 

and precision.  

Most proposed optical systems for generating light sheets in light sheet microscopy (LSM) 

rely on multiple optical elements, which often require extensive adjustments and are costly. 

Furthermore, these systems can sometimes produce nonuniform light sheets or have a short 

depth of field (DOF). In my thesis, I adopted a simpler approach, developed by Golub et al. 

[1], which uses a pair of double slits and a cylindrical lens to generate a quasi-nondiffracting 

2D light sheet. However, one limitation of this system is its restricted spanwise extent. 

Biological organisms cover a wide range of length scales, creating a need for light sheets 

that extend in both the longitudinal and spanwise directions, while maintaining a small 
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thickness for optimal resolution. The dimensions and configurations of the slits used in [1] 

play a crucial role in determining important depth of field (DOF) parameters for light sheet 

microscopy (LSM), such as length, thickness, and the intensity of secondary peaks. An op-

timization study examining these dependencies would be highly beneficial, though it is cur-

rently lacking.  

1.1.2 Tunable non-diffracting DOF  

 The extended depth of field (DOF) associated with non-diffracting beams, such as Bessel 

beams, has numerous applications in biological, biomedical, and technological fields. Tun-

ing various DOF parameters, such as length, spot size, intensity, or range, is not only desir-

able but sometimes necessary. For specific applications, such as endoscopy and boroscopy, 

controlling the DOF position with minimal intrusionðand preferably from outsideðis cru-

cial [2]. Various systems have been proposed in the literature to achieve tunable DOF range 

( [2] [3] [4]).  

It is important to note that in the previously mentioned systems, the intensity varies signifi-

cantly along the depth of field (DOF). Achieving a constant intensity is highly desirable for 

many applications. To the best of our knowledge, no optical systems exist that produce a 

tunable DOF with a constant intensity, except in the case of optical needles [5]. However, 

these optical needles have lengths that are approximately two orders of magnitude smaller 

than those considered in this thesis and in these investigations ( [2], [3], [4]). Furthermore, 

in many scenarios, it is advantageous to maintain a constant DOF length while varying its 

range. 

1.2 Objectives 

For my Ph.D. thesis, I propose developing new designs for two different types of optical 

systems. The first type produces quasi-nondiffracting beam in the shape of a light sheet with 

extent in the longitudinal and spanwise directions. The second one would generate a tunable 

range, nearly constant intensity, nearly constant DOF, zero order Bessel beams, herein re-

ferred to simply as tunable range DOF.   

1- Design of an optical system generating a light sheet. 

In this section, we explore a new design for an optical system that generates a light 

sheet. The proposed system aims to be flexible (suitable for both small and large 



CHAPTER 1  INTRODUCTION 

 

3 

 

specimens), easy to manage (with fewer components and adjustments), and econom-

ically feasible, while delivering competitive performance characteristics, including 

small thickness, a large Rayleigh range, and large width. An experimental study will 

be conducted to confirm the advantages of this new light-sheet generation system. 

Our approach involves using a Powell lens to increase the light sheet's width and 

optimizing the mask dimensions to produce a thin light sheet with a high depth of 

field (DOF). 

2- Design of an optical system generating a tunable range, constant intensity, constant 

DOF.  

The generated DOF will maintain a constant length of approximately 25 mm and a 

constant intensity using passive optical elements (non SLM). The system parameters 

are based on those of the logarithmic axicon [6], which has a radius of 6.25 mm and 

generates a DOF range between 50 and 150 mm from the axicon. Designing this 

system is challenging due to its numerous and sometimes conflicting constraints. 

Therefore, three alternative systems will be developed and compared in terms of per-

formance and feasibility.  

In the first system, we explore the use of three refractive axicons to generate a tunable 

range DOF. The system involves two regular axicons to create an annular beam with a 

variable radius, along with a logarithmic axicon to produce the tunable range DOF. 

For the second system, we propose the design of a new optical element that will trans-

form a specific input beam into a tunable range DOF. 

In the third system, we focus on an optical system consisting of a logarithmic axicon 

followed by a ring aperture. Here, we aim to study the effects of the distance between 

the axicon and the ring aperture, as well as the position (mean radius) and width of the 

slit, on the tunable range DOF. 

Each section will be followed by a critical analysis, discussing the advantages and dis-

advantages of the system. 

1.3 Thesis structure 

This thesis consists of eight chapters. The first chapter provides an overview of the research, 

including the motivations, objectives, structure, and contributions of the thesis.  
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Chapter 2 presents the theoretical background, covering the concept of non-diffracting 

beams and their characteristics, laser beam shaping, and the basic beam-shaping devices 

used to generate the required shape and irradiation for specific applications. It also includes 

an overview of scalar diffraction theory. Additionally, a literature review on the following 

topics is provided: light sheet generation, annular beam generation, and tunable range DOF 

generation. 

Chapter 3 outlines the steps taken to design a new optical system for generating a light sheet 

laser beam. It presents the new optical system, followed by the analytical formulation. The 

chapter also covers the optimization of the mask through analytical methods and simulations 

using MATLAB, along with the experimental investigation. Finally, a comparison between 

the simulation and experimental results is provided. 

Chapter 4 investigates a method to improve the length of the DOF presented in the previous 

chapter using a double illumination technique. The scheme is introduced, and a mathematical 

model is developed and implemented using MATLAB.  

Chapter 5 investigates the generation of a tunable range DOF using a new optical system 

composed of three axicons. The first two are regular axicons that generates an annular beam 

from a Gaussian input beam, which is then followed by a logarithmic axicon that transforms 

the annular beam into a tunable range DOF.  Both small and large axicon angles are em-

ployed to achieve the tunable range DOF.   

Appendices 1, 2, 4, 5, 7, 8, 10 and 11 provide results of simulations conducted in Chapter 5 

to assess the validity of the Fresnel approximation for both small angle and large angle ax-

icons. 

Appendices 3, 6, 9 and 12 contain detailed profiles obtained from the axicons of the systems 

studied in Chapter 5. 

Chapter 6 presents the design of a new optical element that transforms specific input beams 

into a tunable range DOF. To achieve this, the energy equilibrium equation between the 

input aperture and the imaging plane is utilised. 

Chapter 7 introduces a segmented Bessel beam system to generate tunable range DOF by 

means of a logarithmic axicon followed by a ring aperture. The tunability is governed by 

changing the mean radius of the ring aperture.  
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Appendix 13 presents apodization algorithms tested to remove fluctuations associated with the in-

tensity distributions obtained in the system discussed in Chapter 7. The results of some of these 

tests are provided. 

Finally, Chapter 8 contains the thesisôs summary and concluding statements. This chapter 

outlines the benefits and contributions of the research and offers suggestions for future work. 

1.4 Thesis contributions 

This work has led to the publication of a journal paper on the light sheet generation, titled 

ñExtension of the span and optimization of the optical ómagic carpetô: Generation of a wide 

quasi-non diffracting light sheetò in the Journal of the Optical Society of America A. Two 

conference papers were also published. The first tilted ñOptimization of the óMagic Carpetô 

Parametersò was presented in 2019 Photonics North and published in IEEE. The second 

paper, titled ñDouble-sided illumination of the optical ómagic carpetò was presented at the 

Frontiers in Optics and Laser Science in 2023. These two conference papers correspond to 

the work presented in Chapters 3 and 4, respectively. 

A manuscript focusing on the tunable range DOF, which includes the three methods inves-

tigated in Chapters 5, 6, and 7, is currently in preparation. 
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CHAPTER 2                    

BACKGROUND AND LITERATURE 

REVIEW 

 

2.1 Introduction  

 In this chapter, I will provide the necessary theoretical background and review the relevant 

literature. I begin with an overview of non-diffracting beams, including their theory, prop-

erties, and applications. Next, I will discuss laser beam shaping, which is used to achieve 

specific beam distributions, and describe some of the optical elements employed in this work 

for this purpose. The scalar diffraction theory, which I extensively applied in this research 

to simulate the various optical systems designed, will also be presented. Following that, I 

will review the literature on light sheet generation. Since annular beams are a key component 

in many tunable range DOF systems, I will also discuss them in detail. The chapter will 

conclude with a review of systems generating tunable range DOF. 

2.2 Non-diffracting beams 

A beam for which the diameter remains constant as it propagates is called a non-diffracting  

beam (also referred to as non-diffraction, diffraction limited, diffraction-free, diffraction-

less). The non-diffracting property occurs within a certain transmission distance. When the 

transmission distance is sufficiently long, the diffraction phenomenon can occur. The term 

ñdiffraction-freeò beam was first introduced in optics by Durnin in 1987 [6]. He discovered 

that the Helmholtz equation, shown below, has a class of diffraction-free (non-spreading 

beam) mode solutions.  

​  Ὗὶȟὸ π                                                                                                               2-1 

He reported that one solution of the above equation has the form [7]:  

Ὗὶȟὸ ὩὼὴὭὯᾀ ‫ὸὐὯ”                                                                                             2-2 

where Ὧ Ὧ Ὧ , ὼ ώ ” , π Ὧ  and ὐ is the zero-order Bessel function of the 

first kind. The transverse intensity (irradiance) distribution is defined by: 

Ὅὶȟὸ ȿὟὶȟὸȿ ὐ Ὧ”                                                                                                 2-3 
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The term ὐ Ὧ” is the same in every plane perpendicular to the Ú axis.  

Since the work of Durnin, many researchers have investigated Bessel beam properties, gen-

eration and more general types of non-diffracting beams. For example, truncated Bessel 

beams [8], higher order Bessel beams, Mathieu beams, higher order Mathieu beams, cosine 

beams, parabolic beams [9], and Airy beams have been introduced. 

Non-diffracting beams, such as Bessel beams, have been proposed for many applications 

including microscopy [10], imaging [11] [12], optical coherence tomography [13], laser trap-

ping [14], Laser Doppler Velocimetry [15] [16], laser machining [17] and corneal eye sur-

gery [18]. 

For more information about non-diffracting beams, properties, generation and applications, 

the reader is referred to: [19], [20], [21], [22]. 

2.3 Beam shaping and basic beam-shaping devices  

Laser beam shaping involves redistributing the intensity and phase of an input laser beam 

by means of an optical system to have a specified intensity distribution over a certain region 

shown in  Figure 2-1.  

 

 
Figure 2-1: Principle of laser beam shaping. 

 

Since the early 1990s, laser beam shaping has been widely investigated and used in many 

fields such as medical applications, laboratory research, material processing, lithography, 

optical data storage, micromachining in the electronics industry, laser printing, isotope sep-

aration [23], optical metrology and fiber injection [24]. In each application, there exists a 
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preferred intensity distribution or cross-section shape. The most common cross-section 

shapes include circular, annular, linear, rectangular and multimode beams.   

The three most commonly used manipulation techniques in laser beam shaping are apertured 

beams, field mappers, and multi-aperture beam integrators. A combination of two of these 

three techniques is frequently used. [24] [25]. The apertured technique consists of selecting 

a uniform quasi-flat portion of the input beam that can be accompanied by magnification to 

control the size of the output beam. The second technique transforms the input laser beam 

into the desired output beam in a controlled manner. It uses a phase element (optical element) 

to transform the input to a specific output beam. Only well-defined constant single-mode 

laser beams can be used in this approach. This technique is suitable if the output laser beam 

needs to be collimated, and it requires very good alignment. The last technique for beam 

shapers is particularly well suited to multimode lasers with a low degree of spatial coherence. 

Multi -aperture beam integrators are generally used in the shaping of excimer lasers for sem-

iconductor lithography and laser machining and drilling systems. Here, the input beam is 

broken up into smaller beamlets that overlap at the target plane by means of a focusing com-

ponent (integrator) [26]. In this work, the second approach was used in designing the new 

optical systems for some cases and a combination of the first and second approaches was 

used in others. Next, the beam-shaping devices used in this research will be introduced. 

2.3.1 Cylindrical lens 

Cylindrical lenses are commonly used in laser beam shaping in various fields such as optics, 

ophthalmology, laser technology, microscopy and imaging systems. A cylindrical lens trans-

forms a Gaussian laser beam into a line beam by stretching or compressing it along one axis 

and effectively changing its shape. Additionally, a cylindrical lens can be used in combina-

tion with other optical elements such as refractive and/or diffractive optical elements to 

achieve more complex beam-shaping tasks. 

2.3.2 Beam splitter 

A beam splitter is an optical device that splits an incident beam of light into two beams, 

which may or may not have the same optical power. The most commonly known shapes of 

beam splitter are plate and cube beam splitters. 

https://www.rp-photonics.com/optical_power.html
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A cube beam splitter is made from two triangular glass prisms glued together at their base 

by means of resin or cement. A hypotenuse face has a dielectric coating influencing the pro-

portion of light reflected and transmitted. 

2.3.3 Mirror  

A mirror is a diffractive optical device that serves to reflect an incident laser beam with a 

specific angle to another optical element. It serves to change the light direction. 

2.3.4 Axicons 

The first experiments on axicons were conducted in 1954 by J.H. MacLeod. He published a 

paper describing the discovery of axicons and some of their properties [27]. J.H. MacLeod 

defined an axicon as an optical element with a revolution shape that, by reflection, refraction 

or both, directs a point source of light placed in the optical axis into an on-axis continuous 

range of points. He stated that axicons can have many shapes such as rings, cylinders, and 

cones, and the most useful and easiest to make is the flat cone shape [28]. The light focused 

by a lens produces a small spot (focal point); however, when it is focused by an axicon, it 

produces a line called the focal length [29], as shown in Figure 2-2. 

 

 

 

Figure 2-2: differences between a lens and an axicon. 

 

The length of the focal line can vary from the micrometer scale to the kilometer scale, de-

pending on the design and application of the axicon. After Macleodôs work, a large number 

of papers describing the design, fabrication, properties and applications of axicons were pub-

lished [30] [31] [32] [33] [34] [35]. 

Axicons are well suited to produce the extended DOF required in many applications, such 

as imaging/microscopy, machining, optical coherence tomography, metrology, sub-diffrac-

tion focusing, corneal eye surgery, and optical trapping tweezers [36] [34]. 

https://en.wikipedia.org/wiki/Prism_(optics)
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The most well-known axicons are regular and logarithmic. We will give a brief description 

of them in the following two sections. 

2.3.4.1 Regular axicon 

A classical axicon, also called a regular or linear axicon, generates a non-diffracting beam 

starting from the axicon tip and extending to a range limited by the input beam aperture or 

beam size [34]. The linear axicon generates a linearly increasing intensity along the DOF, 

presented in Figure 2-3.  

 

(a) 

 
 

(b) 

 

Figure 2-3: Intensity profile distributions generated by a linear axicon. (a) Longitudinal intensity 

distribution. (b) Lateral intensity distribution. 

 

The phase function of a regular axicon is given with respect to the radius ὶᴂ by: [34] 

•ὶᴂ
Ѝ

          π ὶᴂ Ὑᴂ        ὶᴂ ὼ ώᴂ                                                                 2-4 

where: ὥ   , Ὀ  the end of the DOF (Ὀ π ) and Ὑᴂ is the radius of the axicon. 

2.3.4.2 Logarithmic axicon 

A refractive logarithmic axicon (logaxicon) generates a quasi-nondiffracting Bessel beam 

with a nearly constant beam size and intensity over the DOF as shown in Figure 2-4. 
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Figure 2-4: Intensity profile distribution generated by a logarithmic axicon. (a) Longitudinal inten-

sity distribution. (b) Lateral intensity distribution. 

 

The phase function of an annular logarithmic axicon for an aperture of Ὑ inner radius, Ὑᴂ  

outer radius and Ὀ and Ὀ , which mark the beginning and the end of the DOF, respectively, 

is given with respect to the radius ὶᴂ by: [35] 

•ὶᴂ ὧέὲίὸ  ὰὲὈ ὥὶ Ὑ         Ὑ ὶᴂ Ὑᴂ     ὶᴂ ὼ ώᴂ           2-5 

Where ὥ  . 

2.3.5 Powell lens 

A Powell lens, also known as a laser line generator lens, converts a Gaussian laser beam into 

a uniform straight line. Unlike a cylindrical lens, which generates a Gaussian beam profile 

with hot-spot center points and fading edges, a Powell lens provides a uniform distribution 

of energy along the length of an entire line [37]. The Powell lens has a 2D conic surface 

described in the ὼȟώᴂ plane by: 

ίὥὫὼᴂ                                                                                                           2-6 

where ὅ is the curvature and  ὗ is the conic constant. A typical spanwise intensity distribu-

tion produced by a Powell lens is shown in Figure 2-5:  
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Figure 2-5: Intensity profile distribution obtained by a Powell lens. 

 

2.3.6 Spatial Light Modulator  

A spatial light modulator (SLM) is usually a computer-controlled reflective or transmissive 

device serving to modulate or manipulate the properties of a light beam. It can be used to 

modulate the amplitude, phase and/or polarization. SLMs have applications in diffractive 

optics [38], optical storage, optical metrology, reconfigurable interconnects, quantum optical 

computing, optical tweezers, optical microscopy [39], optical information processing, polar-

ization control, laser pulse shaping, programmable adaptive optics, vector beams generation, 

and orbital angular momentum communications.  

2.4 Scalar diffraction theory 

For the theoretical analysis, I will be mostly using the scalar diffraction theory, which will 

be reviewed in the present section. Diffraction phenomena play an important role in the 

branches of physics and engineering that deal with wave propagation. The word ñdiffrac-

tionò was coined by Sommerfeld to cover any deviation of light rays from rectilinear paths 

that cannot be interpreted as reflection or refraction. The first paper describing diffraction 

phenomena was written by Grimaldi in 1665. Grimaldi made an experimental apparatus 

comprised of an opaque screen illuminated by a very small light source that produced a 

negligible penumbra effect, and the light intensity was observed at some distance behind the 

screen. Grimaldi observed that the transition from light to shadow was gradual, and there 

was an apparition of light and dark fringes in a far plane of observation. These results could 

not be predicted by the existing theory of optics at the time. Later, the work presented by 

Christian Huygens helped explain Grimaldiôs results. It became the foundation of the theory 

explaining diffraction phenomena [40]. In 1678, Huygens argued that each point on a wave 
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front will be a new source of a secondary spherical disturbance, and the wave front at a later 

instant could be found by creating the envelope of a secondary wavelet. In 1804, Thomas 

Young introduced the concept of interference. In 1818, Augustin Jean Fresnel used the ideas 

of Huygens and Young to calculate the distribution of light in diffraction patterns. In 1860, 

Maxwell argued that light is a propagating wave of electric and magnetic fields. This is 

known as the electromagnetic theory of light. The mathematical formulation of this theory 

was elaborated by Gustav Kirchhoff in 1882. Sommerfeld [40] proved that the boundary 

conditions taken by Kirchoff were inconsistent with each other. Sommerfeld modified 

Kirchoffôs theory by omitting the boundary conditions and replacing them with the theory 

of Greenôs function. This new theory is called Rayleigh-Sommerfeld diffraction theory and 

is commonly referred to as the scalar diffraction theory. Here, light is treated as a scalar; 

only the scalar amplitude of one transverse component of either the electric or the magnetic 

field is considered, and it is assumed that any other components of interest can be treated 

independently in a similar way. This approach neglects the fact that the various components 

of the electric and magnetic field vectors are coupled through Maxwell's equations and can-

not be treated independently. The scalar diffraction theory yields very accurate results if two 

conditions are met: (1) the diffracting aperture must be large compared with the wavelength, 

and (2) the diffracted fields should not be observed too close to the aperture. 

By using the coordinates systems presented in Figure 2-6, we can write the first Rayleigh-

Sommerfeld diffraction formula in rectangular coordinates expressed in Eq. 2-7. 

 

 
Figure 2-6: Diffraction study system. 
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Ὗὼȟώȟᾀ Ḁ Ὗ ὼᴂȟώᴂȟπ
ȟ ȟȟ ȟ

ȟȟȟȟ
ὧέίὲᴆȟὙᴆὼȟὼȟώȟώȟᾀ ὨὼὨώ                            2-7  

Where ! is the aperture area, ὼȟώȟᾀ and ὼȟώȟπ refer to the coordinates of points in the 

image plane and the aperture plane, respectively, Ὗὼᴂȟώᴂȟπ is the electric field at the aperture 

plane, Ὑᴆὼȟὼȟώȟώȟᾀ is the distance between the two points rô and r, ὲᴆ is the normal vector at 

the aperture, ‗ is the wavelength and Ὧ is the wave number. 

We should note that this equation is valid when Ὑᴆὼȟὼȟώȟώȟᾀḻ‗. If we use a diffractive 

element of variable phase transmittance •ὼȟώᴂ instead of the aperture, the integral must be 

amended to take this into account. If the diffractive element is considered thin and transpar-

ent, we only need to take its effect on the phase of the light into account, and the integral 

will be: 

Ὗὼȟώȟᾀ Ḁ Ὗ ὼᴂȟώᴂȟπ
ȟ ȟȟ ȟ

ȟȟȟȟ
ὧέίὲᴆȟὙᴆὼȟὼȟώȟώȟᾀ Ὡ ȟ  ὨὼὨώ        2-8 

The cosine function, which is also called obliquity factor, is defined by: 

ὧέίὲᴆȟὙᴆὼȟὼȟώȟώȟᾀ
ȟȟȟȟ

                                                                                         2-9 

Therefore, the integral diffraction can be written as: 

Ὗὼȟώȟᾀ Ḁ Ὗὼᴂȟώᴂȟπ
ȟ ȟȟ ȟ

ȟȟȟȟ
 Ὡ ȟ ὨὼὨώ                                                 2-10 

Where the distance is given by the Equation: 

Ὑὼȟὼȟώȟώȟᾀ ᾀ ὼ ὼᴂ ώ ώ ᾀρ                              2-11 

Fresnel assumed that the angle — defined by the vectors ὲᴆ  and Ὑᴆὼȟὼȟώȟώȟᾀ is small, and 

then he approximated the obliquity factor by 1 (approximate Ὑ by ᾀ). But in the exponential 

expression, the element ὯὙὼȟὼȟώȟώȟᾀ is very large because Ὧ      ‗ͯρπ  and Ὑ  cannot be 

approximated by ᾀ . 

Ὗὼȟώȟᾀ Ḁ ὟὼᴂȟώᴂȟπὩ ȟȟȟȟ  Ὡ ȟ ὨὼὨώ                                          2-12 

To have access to Fresnel approximation, we need to write the binomial expansion of R that 

can be written only if the following conditions are valid: 

ὼ ὼḺᾀ
ώ ώḺᾀ

                                                                                                                                                    2-13 

The binomial expansion (approximation) of the equation ρ ὼ  if  ὼḺρ is given by:  
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ρ ὼ ρ ὲὼ
Ȧ

Ễ                                                                                              2-14 

In this development, ὼ  is formulated as: 

ὼ                                                                                                                       2-15 

The distance Ὑ can be written: 

Ὑḙᾀρ ᾀ                                                                   2-16 

Here, we assume that the third term of the binomial expansion is negligible when we com-

pare it with the two first elements of the equation. We neglect: 

ᾀ ὼ ὼ ώ ώ                                                                 2-17 

The Fresnel approximation stipulates that [40]: 

ᾀḻ  ὼ ὼ ώ ώ  
 
                                                                                         2-18 

The integral becomes: 

Ὗὼȟώȟᾀ Ḁ ὟὼᴂȟώᴂȟπὩ Ὡ ȟ ὨὼὨώ                  2-19 

This integral is known as the Fresnel diffraction integral. 

2.5 Literature Review 

2.5.1 Light sheet generation 

Light sheet illumination is the basis of developing light sheet microscopy (LSM) [41]. LSM 

is a powerful imaging technique with a micrometer resolution [42], [43]. This technique 

provides nondestructive optical sectioning by means of a thin light sheet of laser [44], [45] , 

[46] . It has applications in the visualization of embryonic development [47], developmental 

biology, neuroscience, medical diagnostics and anatomical research [47], [48]. 

Light sheet fluorescence microscopy is a technique with significant advantages compared to 

other classical techniques. It combines the optical sectioning ability of a confocal micro-

scope with the wide field imaging speed of a widefield fluorescence microscope [49]. Light 

sheet fluorescence microscopy visualizes faster and larger specimens with high spatio-tem-

poral resolutions [50].  
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LSM has two main classes: digital scanned laser light sheet microscopy (DSLM) and selec-

tive plane illumination microscopy (SPIM). DSLM produces a virtual light sheet by scan-

ning Gaussian beams [51], Bessel beams [52] [53], airy beams [54] or lattice beams [55]. 

In DSLM, the information is taken point by point, which leads to a lower exposure time. 

This method generates a more homogeneous light sheet, the height of which can be con-

trolled. The drawback of DSLM is the high instantaneous intensity, which may lead to in-

creasing photodamage in addition to a more complex setup when compared with SPIM [55]. 

SPIM produces a static light sheet. Different methods have been developed to generate the 

light sheet in SPIM such as the use of a cylindrical lens [56], a slit aperture and a cylindrical 

lens [43] [42], a concave lens and three cylindrical lenses [44], the use of a combination of 

an achromatic aspheric optical elements and achromatic cylindrical lens [45], and a pair of 

double slits and a cylindrical lens [1], which was also used by Fadero et al. [57] to generate 

a tilted light sheet. The term ñoptical magic carpetò is used to refer to this light sheet and 

was coined in [1]. 

For the first system [56], a Gaussian beam is focused by means of a cylindrical lens and is 

called a Gaussian light sheet. In the second system [43] [42], the laser beam is truncated by 

a slit to create a sort of uniform beam and then focused by the cylindrical lens. The generated 

light sheet is very thin, but the Rayleigh range and the uniformity of the light sheet are se-

verely limited. To increase the Rayleigh range, we should decrease the aperture width [43] 

[56]. This setup has the benefit of being less complicated and easier to manage. In addition, 

the related theory and mathematical description are well established. It is well adapted to 

small-sized specimens but for large specimens it becomes inefficient. The quality of the im-

age at the edge and the resolution along the detected axis are not good enough, and many 

investigations have been conducted to improve the uniformity and the Rayleigh range of the 

light sheet. For this purpose, a system composed of one spherical lens and three cylindrical 

lenses (parallel/crossed/parallel) was proposed in [44]. The author confirmed that, compared 

to the previous system with an 8-mm slit, this design extended the uniformity in the intensity 

distribution by a factor of σͯ, and the light sheet is thinner by a factor of ςͯ Ȣ Later, a new 

setup formed by a combination of two aspheric condenser lenses, two achromatic cylindrical 

lenses and a Powell lens was designed [45]. This setup generates a light sheet with a 4-

micron thickness and a Rayleigh range of about 10 mm. Golub et al. [1] in their design used 
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a mask consisting of a pair of double slits on a cylindrical lens. This novel setup generates a 

quasi-nondiffracting light sheet with small side lobes. Fadero and co-workers used the pre-

vious idea to produce a tilted light sheet excitation and to prove that this system has good 

performance and spatially high spatiotemporal resolution.  

All the methods mentioned suffer from at least one of the following problems: non-uni-

formity of the light sheet, limited extent, complexity of the setup and high cost. For this, we 

will investigate the design of a simple optical system generating a nearly uniform thin light 

sheet with a long DOF and large width that has more flexibility in the sense of being adapt-

able for small and large specimens. 

2.5.2 Annular beam generation 

The ring of light, also called an annular beam or doughnut beam, has been used in many 

applications such as particle manipulation (tweezers) [58], corneal surgery [18], drilling 

[59], laser material processing [60], machining [17] and optical data storage [61]. 

An early optical system for generating a ring of light was suggested by McLeod in 1954; it 

is composed of a converging lens (spherical lens) and an axicon (positive cone or negative 

cone) [27]. This system generates a ring of light with a fixed radius. In 1969, Goodell pro-

posed an eccentric lens, also called ring-toric lens, ring lens and meso-optical element [61], 

which transforms points or parallel beams of light into rings. Two lenses were fabricated to 

generate 8-mm and 38-mm light rings  [62]. This system is complicated to fabricate, expen-

sive and inflexible. In 1976, a diffraction analysis of the lens-axicon combination illuminated 

by a plane wave was done and the ring diameter was proven to depend on the axiconôs angle, 

on the dielectric index and on the focal length of the spherical lens [63]: 

Ὑ ὲ ρ ‌ Ὢ                                                                                                                         2-20 

where Ὑ is the ring diameter, ὲ is the index of refraction of the axicon material, ‌ is the 

axicon angle and Ὢ is the focal length of the lens. This work was followed by the study of 

the lens-axicon system illuminated by a Gaussian beam [59]. In 1978, a combination of a 

lens and two axicons (concave and convex with an equal base angle) allows for the adjust-

ment of the ring diameter by changing the relative distance between axicons was presented 

[17]. Here, the ring diameter is given by: 
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Ὑ
 
                                                                                                                                2-21 

with ‌ ρπ° and Ὓ the axicon separation distance. In 1999, a new ring-toric lens producing 

an 80-micron light ring was introduced [61]. The suggested lens had no flexibility and was 

expensive. Dickey et al. [64] designed a system with two positive axicons (axicons can have 

different angles) and a lens placed between the two axicons to avoid the complication and 

high price of negative axicon manufacturing. This system allows for some flexibility: the 

diameter ring can be changed by changing the axicon base angles, the focal length of the 

lens and the distances between the elements. An axicon-to-axicon scheme producing a par-

allel annular beam was presented in [58]. This system is simpler, and the ring diameter is 

fixed by the distance between the second axicon and the screen. A diffractive toric Fresnel 

zone lens generating a focused ring pattern was suggested in [65] and a Fresnel zone plate 

with its phase shifted radially outward was introduced in [66].  

The above-mentioned systems generating a ring of light have at least one of the following 

problems: less flexibility, many optical elements, complexity in the fabrication, or high cost.  

2.5.3 Tunable range DOF 

Tuning of different parameters of quasi-nondiffracting beams has been examined in the literature. 

For example, in 2009, Cizara and Dholakia considered the tunability in the shape of the axial 

intensity of the generated quasi-Bessel beams (uniform intensity, uniformly increasing and 

uniformly decreasing intensity) [67]. In 2018, Yu et al. generated Bessel beams with tunable 

spot size using a segmented deformable mirror [68]. In the same period, Yao et al. generated 

Bessel-like beams with an adjustable non-diffraction length by using a phase-only spatial 

light modulator [22]. Gabor proposed the generation of a Bessel beam with variable core 

diameter and propagation properties with liquid media [69] . Later in 2020, Breen et al. 

proposed to produce quasi-diffraction-free beams with a tunable spot size and DOF [70]. 

Jiang et al. suggest generating a Bessel beam with a pure longitudinally polarized electric 

field using an incidence of horizontal polarization, which can be turned to a beam with a 

pure longitudinally polarized magnetic field when the incidence is switched to vertical po-

larization [71]. Finally, Yun et al. produced high-order non-diffracting beams with tunable 

shapes [72]. 

Few investigations examined quasi-nondiffracting beams with tunable range DOF. For ex-

ample, Chebbi et al. [2] generated a tunable range nearly non-diffracting DOF by using three 
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axicons. Rao et al. [3] also created tunable range Bessel beams by illuminating an axicon 

with hallow Gaussian beams with different orders. Finally, Müller et al. [4] created tunable 

range Bessel beams by placing a ring aperture in front of an axicon. It should be mentioned 

that for these three investigations the intensity varied along the DOF.  

  

Another type of non-diffracting tunable DOF is realized by needles. Needles of light or nee-

dle beams are non-diffracting optical beams with a large DOF and a narrow central spot. The 

DOF can reach thousands of wavelengths while maintaining a lateral confinement of 0.36ɚ 

or under [73], [74]. These beams are of increasing interest for many optical technologies 

such as optical data storage [75], particle acceleration [76], biomedical imaging [77], trap-

ping [78] and microscopy [79]. 

Many methods have been developed to generate needles, for example, the use of tandem 

systems consisting of a beam former and an aberration corrector combined with a nonlinear 

axicon [80], a quasi-parabolic mirror [73], a spherical mirror [74], a 90ęapex-angle concave 

conical mirror, a converging annular lens with negative spherical aberration [81] and an an-

nular aperture with an axicon [76]. Dehez et al. [77] stated that it may be preferable for some 

applications such as optical data storage, two-photon laser microscopy and plane illumina-

tion microscopy to have a very narrow diffraction pattern with a tunable axial extent. They 

suggested producing a narrow annulus of radially polarized light by means of an axicon in 

the far field that will be focused using a parabolic mirror or an aplanatic lens. They reported 

that the longitudinal extent of the focal line is tuned by changing the thickness of the annular 

incident beam, which can be achieved with appropriate parameters of the lens-axicon sys-

tem. A spherical mirror system producing needles whose depth of focus could attain hun-

dreds to thousands of wavelengths with a width near the theoretical limit (0.36ɚ) is presented 

in [74]. An optical system composed of an aperture and an axicon to generate a needle with 

a long DOF was introduced by Manahan et al. The authors proposed having a different length 

of focus by changing the aperture, the axicon lens or the laser beam diameter [76]. Later, a 

system formed by a quasi-parabolic mirror was created to generate a needle that can reach 

hundreds to thousands of wavelengths while keeping the spot size under 0.36ɚ [73]. In 2018, 

a system producing needles with a tunable length and nearly constant irradiance by means 

of an SLM was proposed [5].
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CHAPTER 3                             
GENERATION OF A QUASI-

NONDIFFRACTING LIGHT SHEET 

 

The findings of this chapter are published in the following article. 

 

Haouas, M., Chebbi, B., & Golub, I. (2018). Extension of the span and optimization of the optical 

ñmagic carpetò: generation of a wide quasi-nondiffracting light sheet. Journal of the Optical Soci-

ety of America A, 36(1), 124-131.  ( https://doi.org/10.1364/josaa.36.000124 ) 

 

3.1 Introduction  

Light-sheet microscopy is a powerful imaging technique with a micrometer resolution [42], 

[43]. This technique provides nondestructive optical sectioning by means of a thin light sheet 

of laser [44], [45] [46]. This technique has applications in the visualization of embryonic 

development [47], developmental biology, neuroscience, medical diagnostics and anatomi-

cal research [47], [48]. 

Many scientists have worked on the generation of light sheets. All the proposed optical sys-

tems have one or more of the following problems: the use of many optical elements that 

require extensive adjustments in addition to a high cost, a non-uniform or semi-uniform light 

sheet and a short Rayleigh range.   

In this work, we present a new simple optical system that produces competitive results with 

fewer adjustments. Our system contains a red 660-nm He-Ne laser, an expander, a Powell 

lens with a fan angle of 20 degrees and a pair of double slits on a cylindrical lens with a focal 

length of 50 mm. The expander is used to expand and collimate the laser beam from 1.4 mm 

to 4.2 mm. Then, the Powell lens generates a 4-mm-wide laser line. The mask truncates the 

input beam, and the cylindrical lens expands the beam in the perpendicular axis of the Powell 

laser line. This system produces a uniform long, thin light sheet with side lobes less than 

20% of the intensity of the central peak. The DOF is larger than the Raleigh range obtained 

with a cylindrical lens. Results from numerical simulation and experiments will be pre-

sented. 

https://doi.org/10.1364/josaa.36.000124
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3.2 Proposed system 

The proposed system is shown in Figure 3-1. An expanded Gaussian beam passes through a 

Powell lens to generate a thick laser line in the span-wise direction, which passes through a 

pair of double slits and a cylindrical lens, generating a wide, quasi-nondiffracting thin light 

sheet. 

 

Figure 3-1: Proposed system. (a) Top view. (b) Isometric view of the mask and cylindrical lens.  
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The mask described in [1] is made of two double slits (Figure 3-1). The optimum relative 

ratios between the distances between the pair of slits, Ὠ and their widths, ὥ, for the two pairs 

of the slits are given by: ὥ ςὥ, Ὠ ςὨ, where subscripts 1 and 2 refer to the inner and 

outer slits, respectively [1]. In the present investigation, we will consider masks with differ-

ent wave convergence angles from the two slits, defined by: ‍ ὸὥὲ , giving ‍ ς‍. 

Even though a cylindrical lens corrected for aberrations gives better results [1], a regular 

lens will be used for experimental validation in the present investigation since it is more 

readily available, and its size fits the commercially available Powell lens size. 

3.3 Phase shifting in the x and y directions  

As shown in Figure 3-1, the Powell lens produces a phase shift transformation in the x-

direction, while the pair of double slits/cylindrical lens system creates a phase shift in the y-

direction. Next, we will investigate the coupling between these two-phase transformations 

in the final distribution obtained from the combined system (Powell lens + mask/cylindrical 

lens). By using the coordinates systems shown in Figure 3-1(b) and applying the Fresnel 

integral to the Powell lens for an incoming Gaussian beam, the electric field just before the 

cylindrical lens with the mask, placed at a distance ὰ from the Powell lens, is given by:  

Ὗ ὼȟώ

Ὡ

Ὥ‗ὰ
 Ὡ  Ὗ ὼȟώ  Ὡ  Ὡ  Ὠὼ Ὠώ                     σȤρ 

where ‰ὼ  is the phase shift of the Powell lens defined by ‰ὼ ὲ ρίὥὫ ὼ , and 

Ὗᴂᴂὼȟώ  is the Gaussian input beam defined by Ὗ ὼȟώ Ὡ   and can be written 

as Ὗ ὼȟώ Ὗ ὼ  Ὗ ώ  with Ὗ ὼ Ὡ  and Ὗ ώ Ὡ . 

Applying the Fresnel integral to the beam passing through the mask/cylindrical lens, the 

electrical field at an observation screen placed at a distance, Ὢ, from the lens is given by: 

Ὗὼȟώȟᾀ  Ὡ

  

Ḁ Ὗ ὼȟώ  ὖώ  Ὡ  Ὡ

  

 Ὠὼ Ὠώ           3-2            

  

where •ώ  is the phase shift of the cylindrical lens and ὖώ  is the pupil function, imple-

mented by the pair of double slits mask. The resulting field from both sets of optical elements 

is: 
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Ὗὼȟώȟᾀ Ὗ ὼȟᾀ  Ὗ ώȟᾀ                                                                                                        3-3 

where 

Ὗ ὼȟᾀ Ὡ ḀὩ Ὗ ὼ  Ὡ Ὡ Ὡ ὨὼὨὼ                       3-4 

and 

Ὗ ώȟᾀ  Ὡ ḀὩ Ὗ ώ  ὖώ Ὡ Ὡ Ὡ  Ὠώ Ὠώ          3-5 

The above formulation means that the variation in the x-direction, obtained from phase shift-

ing due to the Powell lens, is decoupled from the variation in the y-direction, obtained from 

phase shifting produced by the mask/cylindrical lens. This makes numerical simulations eas-

ier since we can perform the two integrations independently.  

3.4  The laser line generated by the Powell lens 

For better uniformity of the laser line, the manufacturer of the Powell lens used in the present 

investigation recommends profiles taken at distances larger than 150 mm. In fact, in his orig-

inal paper [37], Powell gives profiles 1 m away from the lens for an incoming beam diameter 

of 0.8 mm based on   of maximum intensity. To further explore the change of the span-

wise profile of the laser line for different distances from the Powell lens, we performed 

measurements and simulations. Only representative results will be shown. Scalar diffraction 

theory calculations using the Fresnel integral are shown in Figure 3-2 for distances from the 

Powell lens of 100 mm and 175 mm.  
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Figure 3-2: Numerical simulation of the laser line intensity profile obtained by the Powell lens. 

 

The corresponding measurements are shown in Figure 3-3.  
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(a) 

 

(b) 

 

(c) 

 

Figure 3-3: Measured Laser line from the Powell lens. (a) l=100 mm. (b) l=175 mm. (c) 

Intensity comparison. 

 

It should be mentioned that the exact profile of the lens used is not provided by the manu-

facturer, but it is expected to be slightly different than the one used for the numerical simu-

lation, which partially explains the quantitative difference between the simulations and the 

experiments. However, qualitatively, both the calculations and the measurements show that, 

close to the lens, the laser line has two very high peaks at both ends. These peaks diminish 

in intensity at larger distances and the uniformity improves, but the overall intensity de-

creases as the laser line diverges. Even with the high peaks at the ends of the line, the uni-

formity of the intensity at the middle is generally acceptable. For applications requiring span-

wise lengths in the order of millimeters, one can still use profiles close to the Powell lens by 

simply ignoring the peaks at the end and using only the central region. 

3.5 Effect of mask geometry on light sheet DOF and thickness  

The two important parameters for the light plane/sheet are the DOF and the sheet thickness. 

To study the dependence of these parameters on the geometry of the mask, namely the slits 
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separation Ὠ and width Á  (Figure 3-1(b)), we use the classical theory for the interference of 

waves from a double slit placed at an aperture plane ØᴂȟÙᴂ.The electrical field at the obser-

vation plane ØȟÙ at a distance ᾀ from the aperture with a width Á  is given by [82]: 

Ὗὼȟώ ςὟ ὼᴂȟώ
 

 
ὧέίς ὸὥὲ‍                                                                              3-6 

Ὗ ὼᴂȟώ  is the electric field at the aperture and ‗ is the wavelength. The mask used has a 

pair of double slits, adding the corresponding electric fields: 

Ὗὼȟώ ςὟ ὼᴂȟώ
 

 
ὧέίς ὸὥὲ‍ ςὟ ὼᴂȟώ

 

 
ὧέίς ὸὥὲ‍       

3-7 

As was recommended in [1], we choose ὥ ςὥ, and for simplicity we assume Ὗ  and Ὗ  

to be constant plane waves. We start by investigating the effect of the slitsô width ὥ for 

fixed separations Ὠ expressed in terms of the convergence angle ‍. Figure 3-4(a)-(c) shows 

the intensity variation obtained from Eq. 3-7 for fixed values of ‍ of 0.75o, 2.5o and 5o, 

respectively, and corresponding different values of ὥ. A 50 mm focal length cylindrical lens 

and ‗ φφπὲά were used in our calculations.  
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(a) (b) (c) 

   

(d) 

 

(e) 

 

(f) 

 

Figure 3-4: Effect of slitsô width on intensity profiles and DOF. (a) (d) ɓ1=0.75♀. (b)(e) ɓ1=2.5o. 

(c)(f) ɓ1=5o 

 

These figures (Figure 3-4) show that while the slitsô width does not affect the light sheet 

thickness, it does affect the intensity of the side lobes. As ὥȟ  the first slitôs width, is in-

creased, the maximum intensity of the side lobes decreases, but the DOF also decreases as 

can be seen from the approximate relation for the DOF reported in [1]: 

ὈὕὊḙ
ὥρ

                                                                                                                              3-8 

where Ὢ is the focal length of the cylindrical lens and Ὠρ is the separation between the slits 

with width ὥρ. The optimum value of a would then just be large enough to make the side 

lobesô intensity less than 20% of the maximum intensity. We found through numerical sim-

ulations that for the angles used, this corresponds roughly to the ratio 
Ὠρ
ὥρ
ḙςȢρψςȢ This is con-

sistent with the empirical ratio of 2 used in [1]. 

Next, for a fixed slit width, Eq. 3-7 is used to calculate the intensity profile of the beam, 

which is used to get the thickness of the light sheet defined by the FWHM as a function of 

‍. The results are plotted in Figure 3-5 (a) and show that as the separation of the slits 
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increases, the thickness of the light sheet becomes smaller. Also shown in Figure 3-5 (b) is 

the variation of the DOF with the angle ‍ from Eq. 3-8. 

(a) 

 

(b) 

 

Figure 3-5: (a) Dependence of the light sheet thickness on ɓ1. (b) Dependance of the DOF on ɓ1. 

 

The above results show that the light sheet thickness and its DOF depend strongly on the 

slits geometry. In fact, these two parameters have to be optimized for the specific application 

since improving one jeopardizes the second. For example, as the separation between the two 

slits increases (larger ‍), the light sheet becomes thinner and the DOF becomes smaller and 

vice versa.  

More detailed and accurate calculations of the transverse intensity profiles at different lon-

gitudinal locations were carried out using scalar diffraction theory. We use the formula given 

by Sheppard in [83], which assumes an aberration-free cylindrical lens analyzed in the par-

axial Fresnel approximation:  

Ὗώȟᾀ ὩὼὴὭ ὩὼὴὭὯᾀὩὼὴ ᷿ ὖώ Ὡὼὴ Ὡὼὴ Ὠώᴂ  

   3-9 

where ὖώ  is the pupil function, which is implemented by the slits mask, and Ὢ is the focal 

length of the cylindrical lens. The results are shown in Figure 3-6 (a)-(f) for  ‍ angles of 0.75 , 

1.25 , 2.5 , 5 , 6 , and 8 , respectively. From these figures, we obtain the thickness of the light 

sheet based on the full width at half the maximum intensity. The results are shown in Table 

3-1 and also in Figure 3-5 (a), and they are very close to those obtained from Eq.   3-7. In 

Figure 3-6(a)-(f), the planes P1 and P2 show the depths of field defined by half the maximum 

intensity and by the side lobesô intensities less than 20% of the central peak maximum 
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intensity, respectively. In all cases, defining the DOF by the maximum intensity of the side 

lobes is more conservative; therefore, this is the method that will be used in our investigation. 

The obtained values are shown in Figure 3-5 (b) along with those estimated from Eq. 3-8. 

Considering that a log scale is used, Eq. 3-8 significantly overestimates the DOF, but the 

variation with  ‍  is consistent with the scalar diffraction results.  
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Figure 3-6: 3D profiles of intensity using different masks (a): ɓ1=0.75♀, a1=0.6 mm; (b): ɓ1=1.25♀, 

a1=1 mm; (c): ɓ1=2.5♀, a1=2 mm; (d): ɓ1=5♀, a1=4 mm; (e): ɓ1=6♀, a1=4.8 mm; (f): ɓ1=8♀, a1=6.4 

mm.  

 

In Figure 3-6, planes P1 delimit the DOF based on FWHM intensity. Planes P2 delimit the 

DOF based on side lobesô intensities less than 20% of the central peak maximum intensity.  

For comparison, we also include in Table 3-1 the DOF of a Gaussian beam (which is twice 

the Rayleigh range,  ) having a waist in the focus. We used the relation for Gaussian 

(a) 

 

(b) 

 
(c) 

 

(d) 

 
 

(e) 

 

 

(f) 
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beams, ‫ πȢψυὊὡὌὓ, whereas for a reference to compare, we took the FWHM of our 

light sheet at ᾀ Ὢ. One observes that while the DOFs of both beams (Gaussian and ours) 

are very close, our beam experiences a significantly smaller broadening than the Gaussian 

beamsô diffraction, which caused a broadening of 40% over the Rayleigh range. This clearly 

demonstrates the advantage of our quasi-diffraction free light sheet compared to the Gauss-

ian beam. The energy efficiency of our scheme was estimated to be around 29% and higher 

than that of non-diffracting Bessel and Airy beams [1]. In [84], the energy efficiency was 

characterized by an ñexcitation confinementò parameter, and it was shown that for a two-

photon Bessel beam this parameter is more than 10 times that of a one-photon Bessel beam. 

It should, however, be mentioned that, unlike the present case, scanning is needed to generate 

a light sheet from Bessel or Airy beams. 

 

Table 3-1: Light sheet characteristics for different convergence angles. 

‍ DOF (based on 

the intensity of 

side lobes < 20% 

of maximum) 

(µm) 

Light sheet thick-

ness based on 

FWHM at the 

middle (z= f) of 

the DOF (µm) 

Light sheet thick-

ness based on 

FWHM at the 

ends of DOF 

(µm) 

Rayleigh range, 

2pw2/l 

(µm) 

0.75o 600 9.6 9.8 660 

1.25o 220 5.8 6 240 

2.5o  56 2.8 3 56 

5o 14.8 1.4 1.4 14 

6 o 10.4 1.2 1.2 10.3 

8 o 5.8 0.8 1 4.6 

 

The table above shows that the mask with ‍ πȢχυ gives the largest DOF, and this mask 

will  be used for experimental investigation. 

3.6 Experimental results 

The Powell lens is designed for a specific incoming beam diameter upon which its perfor-

mance strongly depends. This restricted our choice of the mask size to be used for the 
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experimental validation of this investigation to the values corresponding to the Powell lenses 

available from the manufacturer. The largest possible incoming beam diameter for the Pow-

ell lens is 4 mm, with a fan angle of 20 degrees generating a 4-mm thick (in the x direction) 

laser line. The 660-nm He-Ne laser incoming beam was expanded using a telescope to ~4mm 

to conform to the Powell lens requirement. Accordingly, we chose the following parameters 

of the pair of double slits mask: ‍ πȢχυ, ‍ ρȢυ, ὥ πȢφ άά and ὥ πȢσ άά. This gives 

a vertical size of the mask slightly less than 3 mm, which accommodates the 4-mm laser line 

from the Powell lens. A cylindrical lens of focal length 50 mm was used with this mask. 

According to the numerical simulations, this system produces a uniform long, thin light sheet 

with side lobes less than 20% of the intensity of the central peak. This value does not offer 

the plane sheet with the smallest thickness but offers some gains on the DOF.  

Measurements of the intensity distribution along the x direction and intensity profiles in the 

y-direction at three locations along the DOF are shown in Figure 3-7 in the vicinity of three 

positions of x, namely 0 mm, +5 mm and -5 mm. Our CMOS camera could record only 

around 2-mm length segments of the beam span. All the measurements are presented in Fig-

ure 3-8, Figure 3-9 and  Figure 3-10 .These results show the possibility of extending the laser 

line in the span-wise direction while preserving acceptable homogeneity. The average ex-

perimental thickness at FWHM is estimated to be around 10.8 µm. This is ~15% larger than 

the corresponding ideal numerical simulation. The intensity of the side lobes was also higher 

than those obtained from the numerical simulations, varying between 20% and 30%. Based 

on these values of the intensities of the side lobes, the DOF is estimated to be 600 µm. The 

intensity measurements in the span-wise direction show variation up to 30%. This is con-

sistent with the specifications of the manufacturer (Laser Line Optics, Canada) of intensity 

variation <30%, excluding the side peaks. The difference between the experimental results 

and the numerical simulation results is attributed to the aberrations of the lens used, uncer-

tainties of printing the slits and intensity measurement. The presence of the side lobes is 

undesirable for some applications such as LSM since it degrades the resolution and might 

cause background photobleaching and photodamage, especially in dense media. Different 

techniques have been proposed in the literature to minimize the side lobes or deal with their 

effects, and some of these techniques can be adapted to the present configuration. They 



CHAPTER 3                           GENERATION OF A QUASI NON-

DIFFRACTING LIGHT SHEET 

 

33 

 

include the use of 2 or 3 photon nonlinear excitation schemes [84], confocal descanning [85] 

[86]  and post-processing using linear deconvolution [84].  

 

Figure 3-7: Location of measurements along DOF and in the spanwise direction (diagram not to 

scale).  

 

(i) 

 

 

(ii)  

 

(iii)  

 
(iv) 

 

 

(v) 

 

(vi) 

 
 (vii)  

 

 

(viii)  

 

(ix) 

 

Figure 3-8: Intensity distributions along the x direction (width span) and sample profiles in the y-

direction at z=f. 
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(i) 

 

 

(ii)  

 

(iii)  

 
(iv) 

 

 

(v) 

 

(vi) 

 
(vii)  

 

 

(viii)  

 

(ix) 

 

Figure 3-9: Intensity distributions along the x direction (width span) and sample profiles in the y-

direction at z=f+0.3 mm. 
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(i) 

 

 

(ii)  

 

(iii)  

 
(iv) 

 

 

(v) 

 

(vi) 

 
(vii)  

 

 

(viii)  

 

(ix) 

 

Figure 3-10: Intensity distributions along the x direction (width span) and sample profiles in the y 

direction at z=(f-0.3) mm. 

For all figures: ‍
ρ
πȢχυέ, ‍

ς
ρȢυέ, ὥρ πȢφ άά and ὥς πȢσ άά, (i)(ii)(iii)  at  x=-5 mm,  

(iv)(v)(vi)  at  x=0 mm,  and (vii)(viii)(ix)  at x=5 mm.  

3.7 Conclusion 

This work led to the successful design of a new optical system that generates a wide light 

plane with nearly uniform intensity both along the DOF and in the spanwise direction. Sim-

ulations demonstrate that, depending on the application, it is possible to generate a quasi-

nondiffracting thin light sheet with a limited DOF, or one with a longer DOF and greater 

thickness. Compared to previous methods for generating light sheets, our scheme offers im-

proved intensity uniformity in both directions, with the added benefit of construction sim-

plicity. In the next chapter, we propose enhancing the DOF through double-sided illumina-

tion of a quasi-nondiffracting light sheet.
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DOUBLE-SIDED ILLUMINATION OF A 

QUASI-NONDIFFRACTING LIGHT 

SHEET 

 

The findings of this chapter are published in the following conference article. 

Haouas, M., Golub, I., & Chebbi, B. (2023, October). Double-sided illumination of the optical ñmagic car-

petò. In Frontiers in Optics (pp. JM7A-41). Optica Publishing Group. 

(https://doi.org/10.1364/FIO.2023.JM7A.41) 

4.1 Introduction  

 In light sheet microscopy, the properties of samples can lead to absorption, scattering, and 

reflection, which affect the penetration depth of the light sheet, broaden it, and shift its po-

sition [87], [88]. These phenomena can result in blurry, out-of-focus, and striped images. To 

address these challenges, double-sided illumination is often employed in light sheet micros-

copy and confocal microscopy. In 2007, Huisken and Stainier introduced multidirectional 

selective plane illumination microscopy with dual illumination [89]. In the same year, Dodt 

proposed three-dimensional visualization through ultramicroscopy using a similar approach 

[43], and in 2009, Santi optimized a thin-sheet laser imaging microscope with dual illumi-

nation [90]. 

Hell and his co-investigators pioneered the development of 4Pi confocal fluorescence mi-

croscopy. In this technique, two opposing microscope objective lenses illuminate fluorescent 

objects from both sides, and the collection of fluorescent emissions is also performed from 

both sides [91]. Since then, many researchers have further developed this technique. For 

instance, Lang et al. introduced a 4Pi microscopy method with negligible sidelobes [93], 

while Hao and his colleague provided a comprehensive review of 4Pi nano microscopy [92]. 

In this study, we numerically investigate the use of double-sided illumination in generating 

the 'magic carpet' light sheet. We analyze the impact of this method on various parameters, 

including thickness, sidelobes, and the depth of field (DOF). 

https://doi.org/10.1364/FIO.2023.JM7A.41
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4.2 Background  

The optical scheme discussed in the previous chapter generates a light sheet for optical sec-

tioning of a specimen, enabling the acquisition of a 3D image and providing insights into the 

physical details of the specimen's constituents and any dynamic interactions occurring 

within. 

As previously mentioned, when the light sheet passes through a sample, three optical phe-

nomena: refraction, scattering, and absorption take place. These phenomena alter the light 

sheet and affect its properties, including thickness, depth of field (DOF), and uniformity, as 

illustrated in Figure 4-1. 

 

Light sheet Deformation of the light sheet 

  

Figure 4-1: the alteration of the light sheet (adapted from [87]). 

 

The alteration of the light sheet can manifest in the image field as blur, out-of-focus regions, 

stripping, and shadows. These artifacts complicate the analysis of the generated images, hin-

dering the study of the targeted phenomena [89].These issues can be mitigated using various 

approaches, including optical implementation, digital post-processing, and hybrid solutions 

[93]. Additional strategies involve employing self-reconstructing beams, pivoting the light 

sheet within a range of angles [89] [94], rotating the specimen [88], and utilizing a double-

sided illumination scheme [89]. 

The use of self-reconstructing beams has gained significant attention in the field of micros-

copy. Instead of the conventional Gaussian beam, self-reconstructing beams, particularly 
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Bessel beams, help address the stripping problem in light sheet fluorescence microscopy. 

Bessel beams can be generated by various methods, such as placing an annular aperture in 

the back focal plane of a lens [6], using axicons [95], or employing spatial light modulators. 

The beam pivoting system employs a diffractive optical element that splits a laser beam into 

a series of beamlets with a fixed interline distance. These beamlets are then used to create 

multiple light sheets. 

The rotation of the specimen requires a specific mechanical system to operate [96]. In 

some studies, maintaining the specimen in a horizontal orientation is necessary, making ro-

tation impractical [87].Double-sided illumination is widely employed in microscopy [42] 

[90] [97] [88].  

In this work, we propose examining the advantages of double-sided illumination on the depth 

of field (DOF), the light sheet thickness, and the side lobes. We explore double-sided illu-

mination for a system comprising a mask on a cylindrical lens, as well as for a system using 

a Powell lens.    

4.3 Double-sided illumination formed by a mask on a cylindrical lens 

4.3.1 Proposed scheme 

The proposed scheme is illustrated in Figure 4-2. A light beam (L.B) is split into two beams, 

1 and 2, by means of a beam splitter (B.S). The two beams are then directed by mirror 1 

(M1) and mirror 2 (M2), respectively. Beam 1 passes through the mask and cylindrical lens 

1 (M. Cy 1) to generate the first 'magic carpet,' while beam 2 passes through the mask and 

cylindrical lens 2 (M. Cy 2) to generate the second 'magic carpet.' The same mask presented 

in Chapter 3 is used for both beams. Since the two light sheets are coherent, constructive or 

destructive interference may occur during propagation, depending on the relative phase be-

tween the two fields. 
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Figure 4-2: Proposed scheme 1. 

 

4.3.2 Superposition of the two fields and analysis  

We use the Sheppard formula [83] to define the interference field.  

The field propagating in the positive z direction is described by the equation below: 

Ὗ ώȟᾀ Ὡ Ὡ Ὡ ᷿ Ὗώ Ὡ Ὡ Ὠώ                                                    4-1 

And the field propagating in the negative z direction will be described by the same equation 

listed above and by changing z by -z and f by -f. The negative sign is used to clarify that the 

propagation is done in the opposite direction of z. The field propagating in the negative z 

direction is given by: 

Ὗ ώȟᾀ Ὡ Ὡ Ὡ ᷿ Ὗώ Ὡ Ὡ Ὠώᴂ                                                   4-2 

The total field will be the sum of the two counter propagated fields. 
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Figure 4-3: Superposition of the two fields coming from each side of the optical branches. 

 

To get the maximum intensity, the two fields are superimposed, so that the distance d must 

be set to zero as shown in Figure 4-3. If d is not equal to zero, we get: 

ὨᾀὊὭὼὩὨςὪ ᾀὊὭὼὩὨὨ                                                                                                         4-3 

where f being the focal distance of the cylindrical lens. 

4.3.3 Determination of the DOF of single-sided illumination system 

For a single-sided illumination field, the profiles are examined in the vicinity and from the 

two sides of the focal plane. The DOF is defined by making sure the central lobe thickness, 

defined at 50% of the maximum intensity, has a nearly constant value to verify the quasi-

diffraction-less property of the light sheet. In addition, the intensity of the secondary peaks 

had to be below 20% of the maximum intensity, and it is considered conservative. The fur-

thest two profiles from the focal plane meeting these conditions are shown in Figure 4-4, 

defining the DOF to be 600 µm. 
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Figure 4-4: Profiles limiting the DOF for single-sided illumination. 

 

In the next section, we propose determining the DOF of the double-sided illumination system 

and comparing it to the DOF produced by a single-sided illumination system. 

4.3.4 Determination of the DOF of double-sided illumination  

In this section, we determine the DOF for double-sided illumination by adding the fields 

from Eqs. 4-1 and 4-2.  Considering the interference of the two light sheets, the distance d 

between the two focal planes should be kept to the smallest value to maximize the central 

intensity. This should be done while making sure the above two conditions to define the 

DOF, namely, the constant central lobe thickness and secondary lobesô intensities below 

20% of the maximum intensity, were verified. The optimum value of d was found to be equal 

to 100ɚ (d=0.066 mm), providing the highest central intensity and a DOF to be equal to 660 

µm. The corresponding limiting profiles are shown in Figure 4-5. 

 

  
Figure 4-5: Profiles limiting the DOF for double-sided illumination. 
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The depth of field (DOF) increases by approximately 10% compared to a single-sided illu-

mination system, while the thickness remains unchanged. Additionally, the secondary 

peaks are positioned closer to the central main intensity than in the single-sided illumina-

tion case. 

4.4 Double-sided illumination formed by a Powell lens 

This section focuses on applying the concept of double-sided illumination to extend the 

magic carpet in the spanwise direction. As in the previous chapter, we assume that the field 

alterations from the Powell lens and the cylindrical lens are completely independent. We 

begin by exploring double-sided illumination using only Powell lenses, as illustrated in Fig-

ure 4-6. A light beam (L.B) is split into two beams, Beam 1 and Beam 2, by a beam splitter 

(B.S) and a mirror (M). Beam 1 passes through a Powell lens (P.L), while Beam 2 is reflected 

by the mirror (M) and directed to propagate in the opposite direction of Beam 1. 

 

 

Figure 4-6: Proposed scheme 2. 

 

We simulate the beam generated by the interference of the two beams produced by the two 

Powell lenses. In this work, we set Ὠ ρππ‗. The profiles of single-sided illumination and 

double-sided illumination at projection imaging planes placed at z=100 mm and z=175 mm 

as shown in Figure 4-7. 
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Single-sided illumination Double-sided illumination 

  

  

Figure 4-7: Intensity profiles generated for single-sided illumination and double-sided illumination 

for z=100 mm and z=175 mm.  

 

The intensity profiles of a double-sided illumination formed by the Powell lens for z=100 

mm and z=175 mm exhibit significant fluctuations.  

Since the Powell lens causes the beams to diverge at different angles, the corresponding 

beams from the opposing side will have different path lengths upon interference. As a result, 

it is not possible to cancel the oscillations for all beams simultaneously. Consequently, dou-

ble-sided illumination cannot be effectively implemented for the full system, including both 

the Powell lens and the mask on the cylindrical lens. This issue may be addressed by design-

ing a new optical element that refracts the rays from the Powell lens such that they become 

parallel, though this is beyond the scope of the present thesis. 
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4.5 Conclusion 

To maintain consistency, it should be noted that the optical scheme is part of a more complex 

system, and its efficiency depends on several factors: whether the specimen is in vivo or ex 

vivo, whether it is precisely cleared or not, its size (large or small), the type of image required 

(2D or 3D), the domain of study (macro or micro cellular), and the precision needed. The 

size of the system itself also depends on the specific application and the desired results. In 

practice, the available budget dictates the optimization of the optical system, imaging sys-

tem, holding system, post-treatment data system, and specimen preparation procedure. This 

is a trial-and-error process, and no perfect system can be found that is universally applicable 

for all specimens and domains. 

In our study, we demonstrated that double-sided illumination using a mask on a cylindrical 

lens can increase the DOF by approximately 10%, in addition to eliminating stripping arti-

facts. However, our investigation also showed that double-sided illumination with a Powell 

lens is not a viable solution.
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CHAPTER 5                             

GENERATION OF TUNABLE RANGE 

DOF BY A THRRE-AXICON SYSTEM 

 

5.1 Introduction  

A tunable  range DOF is attracting increasing interest due to its potential applications in 

various optical technologies such as optical data storage [75], particle acceleration [76], bi-

omedical imaging [77], trapping [98] and microscopy [79]. In 2018, Rao and Samanta [3] 

generated segmented zero-order Bessel beams with tunable ranges by illuminating an axicon 

with hollow Gaussian beams of different orders. However, the generated beams exhibited 

non-uniform intensity. Similarly, Herrero et al. [5] produced light needles with a tunable 

length and nearly constant intensity by using a spatial light modulator (SLM). These needles 

typically have a maximum length up to ρπππ‗  and a width equal to a fraction of ‗.  

To the best of my knowledge, no investigations in the literature have explored the creation 

of a tunable range DOF (tunable range, constant intensity, constant DOF) in the centimeter 

order of magnitude DOF (DOF=25mm). In this chapter, we propose investigating an optical 

system using refractive optical elements, as they are more easily and economically integrated 

into different applications and systems. Specifically, we propose using a three-axicon system 

to produce a tunable range DOF. The system is composed of two regular axicons and one 

logarithmic axicon. 

A logarithmic axicon produces a constant longitudinal intensity across its defined DOF. The 

realization of this optical element was achieved by a computer-generated holographic ele-

ment [30]  and a refractive diamond-turned element [99]. It produces a uniform longitudinal 

intensity over a fixed DOF, from a distance D1 to a distance D2, measured from the optical 

element for an incoming radially uniform intensity illumination. A straightforward method 

for generating a tunable range DOF involves illuminating the log-axicon with an annular flat 

top beam with varying radii, ὶ , where ὶ ÁÎÄ ὶ  are the inner and outer radii of the 

annular beam, respectively. The length of the resulting DOF depends on the thickness of the 
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annular beam, ὶ ὶ, and its location depends on the average radius, r. As the r is increased, 

the location of the DOF moves from D1 to D2.  

The challenges of this system are twofold: first, generating an annular flat-top beam, and 

second, varying its mean radius. One of the few studies that reported the generation of an 

annular flat-top beam using an SLM is [100]. While an SLM could potentially be used to 

generate the annular flat-top beam and the logarithmic axicon could produce the uniform 

intensity DOF, using an SLM may not be practical or economical for many applications. 

To address these challenges, we propose a system based on existing optical elements. For 

the tunability function, we suggest using a system similar to the variable-position Bessel 

beam DOF system presented in [2]. This system utilized a linear axicon to generate the DOF, 

resulting in non-constant intensity. To achieve constant intensity, we propose using a loga-

rithmic axicon [99], which is designed to produce a constant intensity for a uniform incom-

ing beam. The drawback of this method is that the produced annular beam does not have a 

uniform intensity, and we will assess the effect of this non-uniformity on the produced 

beam's uniformity using the logarithmic axicon. 

 We consider the two cases of axicon angle:  small ‌ υ , and large ‌ ςπ. For each 

case, we will explore two configurations for generating an annular beam that can be con-

verted to a tunable range DOF using the logarithmic axicon. The first configuration consists 

of two convex axicons, and the second consists of one concave axicon and one convex ax-

icon. 

As design constraints, we will use the same parameters as those of the logarithmic axicon 

used in [99], specifically a radius of 6.25 mm for the optical elements and a tunable range 

between 50 mm and 150 mm for the DOF. The generated DOF will have a constant length 

of approximately ~25 mm and a constant intensity. Although these design constraints are 

somewhat arbitrary, they will allow for meaningful comparisons between the different sys-

tems. 

5.2 Axicons with small angles 

Using the Huygens Fresnel principle [40] for the numerical calculations involves a double 

integration for determination of the electric field at each point in the imaging plane and re-

quires a large amount of computation time. The Fresnel approximation significantly reduces 
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computation time and is widely used in literature. As explained in chapter 2, this approxi-

mation is based on two conditions given by Eq. 2-13 and Eq. 2-18. These two conditions 

will be referred to as condition 1 and condition 2, respectively. For an axicon with an angle 

of 5 degrees, the calculations performed showed that the first condition is verified but the 

second is not. However, referring to the second condition, Goodman stated that ñthis suffi-

cient condition is overly stringent, and accurate results can be expected for much shorter 

distancesò [40].  

In the following sections, we perform numerical simulations using both the Fresnel diffrac-

tion integral and the Huygens integral (the integral without the Fresnel approximation) for 

several representative cases. The purpose is to evaluate the validity of the Fresnel approxi-

mation by comparing the results obtained from both methods. We consider four different 

values for the waist of the incoming Gaussian beam ὡ πȢτ άά, ὡ πȢψ άάȟὡ ρȢς άά,  

and ὡ ς άά. We define the normalized absolute error (ὔὃὉ) as: 

ὔὃὉ                                                                                                                                              5-1 

where Ὅ is the intensity calculated with the Huygens integral (without Fresnel approxima-

tion) and Ὅ is the intensity calculated with the Fresnel integral (with Fresnel approximation). 

We also consider the difference between the maximum of intensities calculated with and 

without the Fresnel approximation: 

ῳὍ ȿάὥὼὍ άὥὼὍȿ                                                                                                                            5-2 

As we mentioned in the introduction, propose studying two configurations: the convex/con-

vex/logarithmic system and the concave/convex/logarithmic system.  

5.2.1 Convex /convex/logarithmic axicons system 

In this section, we suggest generating a tunable range DOF by using two convex axicons 

and a logarithmic axicon as shown in Figure 5-1. By varying the separation, S, between the 

first two axicons, the mean radius r of the annular beam changes, enabling the tunability of 

the DOF range generated after the logarithmic axicon. 
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Figure 5-1: Configuration of optical system 1. 

 

As mentioned earlier, we begin by evaluating Goodmanôs statement for the calculations in-

volving the first convex axicon. To do this, we present the intensity, the normalized inten-

sity, and the normalized absolute error profiles for a Gaussian beam input with four differ-

ent waist values. The corresponding profiles are provided in Appendix 1.  

To simplify the interpretation of these results, we calculate the maximum of the absolute 

value of the normalized absolute error, άὥὼȿὔὃὉȿ, and the absolute value of the difference 

between the maximum of intensities, ῳὍ. The results are tabulated in Appendix 2. The 

άὥὼȿὔὃὉȿ and ῳὍ values are very small allowing us to confidently apply the Fresnel ap-

proximation for convex axicons with small angle (5♀). 

The intensity profiles generated after each one of the axicons were simulated using Fresnel 

approximation and presented in Appendix 3. Selected profiles generated after the logarith-

mic axicon are presented in Figure 5-2. 
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ὡπ πȢτ άά 

 
Ὓ σπ άά  Ὓ ωπ άά  Ὓ ρςπ άά  

   
 

ὡπ πȢψ άά 

Ὓ υπ άά  Ὓ ωπ άά  Ὓ ρσπ άά  

   
 

ὡπ ρȢς άά 

Ὓ χπ άά  Ὓ ρππ άά  Ὓ ρσπ άά  

   
 

ὡπ ς άά 
Ὓ ωπ άά  Ὓ ρρπ άά  Ὓ ρσπ άά  

   
Figure 5-2: Variation of the intensity vs z after the logarithmic axicon for the system convex/con-

vex/log (5 ). 

 

The profiles included in Appendix 3 show that for a waist  ὡ πȢτ άά the maximum 

separation S that we can use is 1ςπ άάȟ  as beyond that the annular outer radius exceeds the 

limit of φȢςυ άά. For a waist ὡ πȢψ άά  and for Ὓ σπ άά no annular beam is 
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generated. The maximum S that we can reach in this case is 1σπ άά.  For a waist ὡ

ρȢς άά  with  Ὓ σπ άά and Ὓ υπ άά no annular beam is observed, and the maximum 

S that we can reach is again ρσπ άά . The same observation holds for the waist ὡ ς άά 

with  Ὓ σπ άά,  Ὓ υπ άά and  Ὓ χπ άά , no annular beam is formed. However, for 

Ὓ ωπ άά and Ὓ ρππ άά, we start to observe the formation of an annular beam with a 

peak of intensity in the center. The maximum S that can be reached is ρσπ άά. 

We can conclude that the convex axicon requires a specific imaging distance to generate an 

annular beam, and this distance depends on the waist value. 

To interpret Figure 5-2, we defined the length of the tunable DOF at  of the maximum 

intensity. The values of this length, as a function of z (the distance from the logarithmic 

axicon to the middle of each DOF), are presented in Figure 5-3. 

 

  

Figure 5-3: Variation of the DOF vs z for the convex/convex/logarithmic scheme with small angle 

axicon. 

 

We observe that the length of the DOF increases as both S and W0 increases. The maximum 

length of the tunable range DOF that can be achieved with this configuration is φρ άά, 

which occurs at Ὓ ρσπ άά and ὡ ς άά.   
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5.2.2 Concave/convex/logarithmic axicons systems 

The configuration considered in this section consists of a concave, convex and logarithmic 

axicon as illustrated in Figure 5-4. 

 

 

Figure 5-4: Configuration of optical system 2.  

 

For this configuration, we proceed similarly to the previous one and define the intensity, 

normalized intensity, and normalized absolute error profiles, which are generated using both 

the Huygens integral and the Fresnel integral. These profiles are presented in Appendix 4. 

To summarize the results presented in Appendix 4, we provide the maximum of the absolute 

value of the normalized absolute error, ÍÁØ ȿὔὃὉȿ and the absolute value of the difference 

between the maximum of intensities, ῳὍ, in Appendix 5. 

The profiles presented in Appendix 5 show that the maximum absolute value of the normal-

ized absolute error is larger in the configuration of optical system 2 than in the configuration 

of optical system 1. However, the maximum absolute value of the normalized absolute error 

remains small, except in the case of ὡ ςάά with Ὓ σπ άά and Ὓ υπάά. In this 

case, the intensity profile calculated without the Fresnel approximation presents high sec-

ondary peaks. Despite this, the maximum value of the normalized absolute error 

ÍÁØ ȿὔὃὉȿ and the absolute difference between the maximum intensities ῳὍ are still con-

sidered small, allowing us to confidently use the Fresnel approximation for a concave axicon 

with a small angle. 
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The intensity profile after each axicon in this configuration, obtained through simulation and 

the Fresnel approximation, is presented in Appendix 6. Selected profiles generated by the 

logarithmic axicon are presented in Figure 5-5. 

 

ὡ πȢτ άά 

Ὓ σπ άά  Ὓ ωπ άά  Ὓ ρςπ άά  

   
 

ὡ πȢψ άά 

Ὓ σπ άά  Ὓ ωπ άά  Ὓ ρππ άά  

   
 

ὡ ρȢς άά 

Ὓ σπ άά  Ὓ χπ άά  Ὓ ωπ άά  

   
 

ὡ ς άά 

Ὓ σπ άά  Ὓ υπ άά Ὓ χπ άά  

   
Figure 5-5: Variation of the intensity vs z after the logarithmic axicon for the system concave/con-

vex/log (5♀). 
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 Figure 5-5 shows that this scheme spreads fast, especially for ὡ ρȢς άά  and for ὡ

ς άά. The maximum  Ὓ values, corresponding to these waist values, that we can reach are 

ωπ άά  and υπ άά respectively.  

As in the previous section, we define the width of the tunable DOF at  of the maximum 

intensity. The results are summarized in Figure 5-6, where the z corresponds to the distance 

from the logarithmic axicon to the center of each DOF. 

 

 

Figure 5-6: Variation of the DOF vs z for the concave/convex/log scheme with small angle axicon. 

 

We observe that the length of the DOF increases when both Ὓ and ὡ  increases. The maxi-

mum length of the tunable range DOF that can be reached with this configuration is υτȢτ ÍÍ 

for Ὓ χπ άά and ὡ ς άά.   

A comparison of the two configurations reveals that the concave/convex/logarithmic sys-

tem provides a wider tunable range of DOF than the convex/convex/logarithmic system. 

This configuration is considered superior as it directly generates a perfect annular beam, 

although it does have the drawback of spreading too quickly. 
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5.3 Axicons with large angles 

5.3.1 Convex/convex/logarithmic axicons systems 

For this case, we consider regular axicons with large angles, ‌ ςπЈ. We investigate Good-

manôs statement as we did in the previous sections. 

Numerical simulations were performed using the complete integral (Huygens integral) and 

the Fresnel approximation to generate the intensity, the normalized intensity and the normal-

ized absolute error profiles. All results are presented in Appendix 7. We calculated 

άὥὼȿὔὃὉȿ and ЎὍ for the four different values of waist, with the results shown in Appen-

dix 8.  

We observed that both the άὥὼȿὔὃὉȿ and ЎὍ are larger than those found for a convex 

axicon with a small angle. 

For a large convex axicon angle, the first condition (Eq. 2-8) is no longer satisfied, and the 

Fresnel approximation becomes inappropriate. As a result, we used the complete integral to 

define the intensity profiles generated after each axicon, with the results presented in Ap-

pendix 9. Selected profiles generated by the logarithmic axicon are shown in Figure 5-7. 
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ὡ πȢτ άά 

Ὓ υ άά Ὓ ςπ άά Ὓ ςχȢυ άά  

   
 

ὡ πȢψ άά 

Ὓ ρπ άά  Ὓ ςπ άά  Ὓ σπ άά  

   
 

ὡ ρȢς άά 

Ὓ ρπ άά  Ὓ ςπ άά  Ὓ σπ άά  

   
 

ὡ ς άά 

Ὓ ςπ άά  Ὓ ςυ άά  Ὓ ρσπ άά  

   
Figure 5-7: Variation of the intensity vs z after the logarithmic axicon for the system convex/con-

vex/log (20♀). 

 

In this case also, we observe that for ὡ πȢψ άάȟρȢς άάȟςάά, the annular beam begins  

to be generated at Ὓ ρπ άά, Ὓ ρυ άά and Ὓ ςπ άά respectively. 



 

CHAPTER 5  GENERATION OF TUNABLE RANGE DOF BY A 

THRRE-AXICON SYSTEM 

 

56 

 

For waist ὡ ρȢς άά, the annular profile generated by the first convex axicon starts to 

exhibit fluctuations, and the profile deteriorates further with ὡ ς άά. These fluctuations 

affect the profiles after the second and third axicons.  

The length of the tunable range DOF generated by the convex/convex/logarithmic axicons 

with a large angle is presented in Figure 5-8, plotted as a function of the distance z from the 

logarithmic axicon to the middle of each DOF 

 

Figure 5-8: Variation of the DOF vs z with for the convex/convex/log scheme with large angle ax-

icon. 

 

The tunable DOF increases as the waist ὡ  and the separation Ὓ increasesȢ 

5.3.2 Concave/convex/logarithmic axicons systems 

In this case, we performed numerical simulation using the Fresnel diffraction integral and 

the Huygens integral to investigate the error between the two methods. 

The intensity, the normalized intensity and the normalized absolute error profiles are pre-

sented in Appendix 10. 

The variation of  άὥὼȿὔὃὉȿ and ЎὍ are included in Appendix 11. Both  άὥὼȿὔὃὉȿ and 

ЎὍ are high and exceed those generated by the concave axicon with a small angle. Since the 

first condition necessary for applying the binomial expansion is no longer satisfied, we can-

not use the Fresnel approximation. Therefore, we resort to the Huygens integral to generate 
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the intensity profiles produced after each axicon of this configuration. All results are in-

cluded in Appendix 12, with selected profiles generated by the logarithmic axicon presented 

in Figure 5-9. 

ὡ πȢτ άά 

Ὓ υ άά  Ὓ ςπ άά  Ὓ ςυ άά  

   
 

ὡ πȢψ άά 

Ὓ υ άά  Ὓ ςπ άά  Ὓ ςπ άά 

   
 

ὡ ρȢς άά 

Ὓ υ άά  Ὓ ρπ άά  Ὓ ςπ άά  

   
 

ὡ ς άά 

Ὓ υ άά  Ὓ ρπ άά  Ὓ ρυ άά  

   
Figure 5-9: Variation of the intensity vs z after the logarithmic axicon for the system concave/con-

vex/log (20♀) 
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The profiles presented in Appendix 12 demonstrate that the concave axicon requires a spe-

cific imaging distance to generate an annular beam, similar to the convex axicon. This dis-

tance is dependent on the waist of the input beam 

Similar to the previous systems, the DOF length defined at  of the maximum intensity, is 

plotted against the distance z from the logarithmic axicon to the center of the DOF in Figure 

5-10. 

   

Figure 5-10: Variation of the DOF vs z, W0 and S for the concave/convex/log scheme with large an-

gle axicon. 

 

This configuration produces better results than the previous convex/convex/logarithmic sys-

tem with a large angle, as it minimizes fluctuations and generates smoother intensity profiles. 

5.4 Conclusion 

In conclusion, for small angle axicons, the Fresnel approximation can be used effectively, 

offering a significant reduction in computational time. However, for larger angles, this ap-

proximation is no longer valid, necessitating the use of the complete Huygens integral. Sim-

ulating these large-angle scenarios can be highly computationally intensive, with individual 

simulations taking over 12 hours using the powerful resources of the Digital Research Alli-

ance of Canada, especially when processing 100 files. 
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Both convex and concave axicons, regardless of angle size, require a specific separation 

distance, S, between the first two axicons to generate an annular beam. This separation dis-

tance depends on the waist ὡ  of the input beam. The simulations demonstrate that adjusting 

S allows for control over the length and position of the depth of field (DOF). 

The results for the four cases studied indicate that the DOF increases with a larger input 

beam waist and a greater distance between the two regular axicons. While the concave/con-

vex/logarithmic configuration produces better results, it also spreads more rapidly than the 

convex/convex/logarithmic configuration, presenting a trade-off depending on the intended 

application. 

For the four cases of three-axicon systems when W0=0.4 mm and W0=0.8 mm, the obtained 

intensities showed a significant central peak. In contrast, with W0=1.2 mm and W0=2 mm, 

the intensity remained more stable over a certain length within the DOF. For all systems 

considered, the length of the DOF varied considerably as the distance from the logarithmic 

axicon increased.
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CHAPTER 6                                  

DESIGN OF NEW OPTICAL ELEMENT 

GENERATING A TUNABLE RANGE 

DOF FOR AN ANNULAR INPUT BEAM  

6.1 Introduction  

For For this system, we aim to design a new optical element that produces a tunable range 

depth of field (DOF) for an annular input beam. By adjusting the radius of the annular beam, 

the location of the DOF can be controlled. We apply the method proposed by Sochacki et al. 

[31], which uses a nonparaxial design of a generalized axicon through geometrical optics 

and the law of energy conservation. 

In this approach, a Gaussian input beam is modified to achieve a constant axial distribution 

at a specific distance from the designed axicon. The energy conservation principle ensures 

that the energy within the input aperture is equal to the energy at the output. This leads to 

the development of an expression for the axiconôs phase derivative, followed by the integra-

tion to determine the axiconôs phase and sag. 

We design the new optical element using two methods: first, with an assumed input annular 

beam profile, and second, with an annular beam generated by two convex axicons.  

6.2 Input annular beam 

Generating an annular flattop beam is not easy, especially with a variable radius. Borglin et 

al. utilized a spatial light modulator to produce an annular flattop beam [101],  while  Goodell 

designed a reflective plano-convex ring lens to produce a ring image with a specific diameter 

[62]. Sabatyan et al. generated an annular beam using a Fresnel zone plate [66].  

To address this challenge, we propose designing a new logarithmic axicon tailored to a spe-

cific incoming annular beam, as described by Eq. 6-1. The goal is to achieve a tunable range 

DOF (tunable range, constant intensity, constant DOF). Our approach includes presenting 

four distinct sag profiles based on incoming beams with four different diameters. 

 ὖὶ ὖ Ὡ
ȿȿ

                                                                                                    6-1                                     
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where ὖὶ  is a two-dimensional power density and ὖ is a constant,  ὶ variable that impacts 

the radius of the annular beam and ὡ , the waist. 

We used the same idea presented by J. Sochacki in [30]. This method proposes to write the 

energy conservation law between the input and the output, then, by integration, find out the 

phase of the new optical element to be generated. 

For a given radial distribution, ὖὶ, at an input plane of the optical element, our goal is to 

achieve constant on-axis light power distribution, ὖᾀ ὖ, over the longitudinal range 

between distances D1 and D2. 

The conservation law of energy between the input and the output can be expressed as: 

ς“ ὖὶ ὶὨὶὖᾀὨᾀ                                                                                                                   6-2 

The integration of the formula above gives: 

ς“ ᷿ ὖὶὶὨὶ᷿ ὖ ᾀὨᾀ                                                                                                      6-3 

ς“ ὖ᷿ Ὡ ȿȿ Ⱦ ὶὨὶὖ᷿ Ὠᾀ                                                                                     6-4 

For ὶ ὶ   then ᾀὶ Ὀ  

ς“ ὖ᷿  Ὡ ᶻȿȿ Ⱦ ὶὨὶὖὈ Ὀ                                                                         6-5 

 

᷿  ᶻȿȿ Ⱦ
ὥ                                                                                                6-6 

If we write again the formula for r in the interval [0, ὶ   ] 

ὥ᷿  Ὡ ᶻȿȿ Ⱦ ὶὨὶᾀὶ Ὀ                                                                                           6-7 

Then we can get the formula of ᾀὶ 

ᾀὶ ὥ᷿  Ὡ ᶻȿȿ Ⱦ ὶὨὶὈ                                                                                           6-8 

The phase function of the optical element is defined by: 

ÓÉÎ— ὶὶ ᾀὶ                                                                                             6-9 

The integration of the above equation gives: 

•ὶ ᷿ὶὶ ᾀὶ Ὠὶ                                                                                                    6-10 

Where ᾀὶ defined by Eq. 6-8. 

The above integral is defined for an annular profile defined as a function of the radius, r, in 

Eq. 6-1 and where rc is a variable that impacts the radius of the annular beam. To achieve 

range tunability, we need to vary rc. Since this is not possible on a single element defined by 
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the phase function of Eq. 6-10, we opt to design the optical element with a discrete number 

of phase functions corresponding to different values of ὶ, each of which would produce a 

constant DOF for a certain range. This optical element would not allow continuous tuning 

of the range; instead, it would have four different discrete ranges. To get different annular 

beams, we used four different values of ὶ. Each of these four input beams will be shaped 

into an axial intensity between D1and D2 consecutively as presented in Table 6-1.  

Table 6-1 : Radius of the input beam and the position of the tunable DOF. 

ὶ Ὀ(mm) Ὀ  (mm) 

0.75 50 75 

2.5 75 100 

4.25 100 125 

5.75 125 150 

 

The integral of Eq. 6-10 is numerically performed in MATLAB , and the results are pre-

sented in Figure 6-1. 

Each of these combinations will lead to a distinct phase distribution. Each input beam is 

defined in a specific annular space; for that, the only part of the phase we are interested in is 

the phase corresponding at this specific annular space. Then, we combined these four con-

secutive phases in one total phase. 

 

Input beams Phases corresponding to each 

specific input beam 

Total phase 

   

Figure 6-1: Design of a new logarithmic axicon that transforms four annular beams in four consec-

utive segments of constant intensity. 
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Since adding a constant to the phase function (or to the sag) of an optical element does not 

affect its refractivity and the incoming beam, we shift the four portions by the differences 

between the values of •ὶ to eliminate the discontinuities between them.  

 

Total phase Adjusted total phase 

  

Figure 6-2: Phase adjustment. 

 

Finally, we use a polynomial fitting method to make sure that the first and second derivatives 

of •ὶ are continuous. The corresponding phase is shown in Figure 6-2. By using this phase 

in the Fresnel diffraction integral, we can simulate the intensity profile generated by the 

newly designed optical element. The results are presented in Figure 6-3. 
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Input anuular beam Intensity profile generated by the 

new axicon 

  
  

  
  

  
  

  

Figure 6-3: The width of the tunable band by the newly designed axicon with four regions. 

 

This new optical element generates a nearly constant intensity tunable range DOF with min-

imal oscillations. We calculate the length of the DOF at  intensity level. The variation of 

the DOF as a function of z (the distance between the new optical element and the central 

point of the DOF) is presented in Figure 6-4. 
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Figure 6-4: Variation of the DOF vs z for a new optical element with an analytical annular beam. 

 

The length of the DOF is nearly constant and it is equal to ὈὕὊ ςχȢτ άά. 

The new optical element with an analytical annular Gaussian beam generates a tunable 

range, a nearly constant intensity, constant DOF. 

6.3 Two-axicon generated annular beam and new optical element 

Since generating an annular Gaussian beam with a variable mean radius is not straightfor-

ward, we applied the same design method using an annular beam produced by a pair of 

regular axicons. We chose a concave/convex axicon pair because it facilitates earlier for-

mation of the annular beam. The design approach remains consistent with the method de-

scribed in the previous section. 

In Eq. 6-4, we substitute the expression of the annular beams with the function ὃὶ, result-

ing in four annular beams with different radii and ranges. These variations are achieved by 

adjusting the distance between the two regular axicons. We define: 

ᾀὶ ὥ᷿ ὃὶὶὨὶὈ                                                                                                             6-11 

Where  ὥ
᷿
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We perform numerical integration to obtain the values of ᾀὶ. By using these values in Eq. 

6-10, we can determine the corresponding phase function •ὶ presented in Figure 6-5. 

 

Phases of each specific input Total phase 

  

Figure 6-5: Phase of each annular beam and the total phase of the new optical element. 

 

Here, we applied the same method described in the first section to add constant phases, en-

suring a continuous phase profile. To guarantee the smoothness of the phase function, we 

employed a polynomial fitting method that ensures both the first and second derivatives of 

•ὶ are continuous. 

Using the phase of the new optical element in the Fresnel diffraction integral allows us to 

calculate the intensity profile produced by the system consisting of the concave/convex/new 

optical element. The resulting intensity profile is presented in Figure 6-6. 
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Figure 6-6: Intensity profiles defined by the system concave/convex axicon and the new optical el-

ement. 

 

The previous results confirm that the new optical system generates a nearly constant inten-

sity tunable range. We calculate the length of the DOF at   for each case and the results are 

presented in Figure 6-7, where the z corresponds to the center of the DOF (from the new 

optical element). 

 








































































































































































